Relazioni Fondamentali
(Fundamental Relations)

Course Notes

1 Continuity Equation (Mass Flow)

Figure 1: Streamline and control volume element

m = pcA, = pcAcosa

The previous equation assumes a constant velocity ¢ throughout the section. If this is not the
case:

m = pcdAy, :/ pccos(a)dA
Al Al
If there is no accumulation of fluid between stations 1 and 2:
my =1 (p1c1An1 = p2acaAng)

Otherwise, if a different between m; and mo exists, the variation in mass M in the control
volume encolsed between sections 1 and 2 is:

dM  df,pdV .
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2 First Law of Thermodynamics

2.1 For a System
Ey—E1=Q-W
where F is the total energy:
E= U—i—%McQ—l-Mgz

For an infinitesimal transformation:
dE =6Q — oW
2.2 For a Control Volume
Q — T =1 | (o — ) + (3~ ) + (2 — 1)

h = specific enthalpy, h = u + %
If we introduce the total specific enthalpy hg = h + % + gz:

Q — Wy = 1 [(hoz — ho1)]

If the system is adiabatic: Q=0
If we have a turbine (W > 0):

W, = W, = 1n(ho1 — ho2)

If we have a compressor (W, < 0):

~W, = We. = 1n(ho2 — hot)

3 Momentum Equation (Steady Transfer)

It expresses Newton’s second law of motion.
For a system:

d
Z F, = &(mcx)

For a control volume:

ZFx = m(cccQ - Ca:l)



3.1 Momentum of Momentum

For a system of mass M:

d
Ta= mﬁ(rc(;)

r — distance of the mass center from the axis of rotation
cp — tangential velocity component
For a control volume:

T4 = m(rocoa — ricer)
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Figure 2: Moment of momentum in a turbomachine

4 Euler Work Equation

For a driven turbomachine (pump or compressor) running at an angular velocity €2, the rate at
which the rotor does work on the fluid is:

WC = TAQ = M(TQCQQ — 7‘1091)Q

= 1 (Uzcg2 — Uicpr)

where the blade speed U = Qr
The specific work is:

['[
We = 7,6 = U2092 — U1091 >0
m

In a turbine, the fluid does work on the rotor and therefore the sign is reversed:



Wy = m(Urcgr — Uacpa)
or in terms of specific work:
Awg = Uicgr — Uzcpz
Applying the steady energy equation:

—AWI = Aho — AWt = h01 — h02

COMPRESSOR: w, = Ahg = A(Ucy) = Uacga — Urcgy
TURBINE: wr = —Aho = —A(UCQ) = Ulcgl — UQCQQ
These are the general form of the Euler work equation. The assumptions we have made:

e adiabatic flow
e on a streamline

It is applicable to both viscous and inviscid flow, since the torque can be provided both by
pressure and friction forces. It is strictly valid only for steady flows but it can be applied also to
unsteady flows provided that averaging is done over a long enough time period.

NOTE: For a stationary blade U = 0 and therefore Ahy =0
5 Rothalpy and General Relative Velocities
The Euler work equation (Ahg = A(Ucp)) can be also written in the following form:

A(ho -U 09) =0

We define the rothalpy , that is always constant in a turbomachine (along a
streamline, and provided that the flow is adiabatic).

1
I:ho—U09:h+§C2—UCQ
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Figure 3: Velocity triangle
We can also write:

A= +cg=ct+ (U—wy)?

=2 +wj — 2wpU + U?

= w? + 2wpU + U?

Therefore:

1
I'=hore = 5U* = ho = Ucy

This third form of the Euler turbomachinery equation shows that provided that U is constant,
the relative stagnation enthalpy is constant.

6 Second Law of Thermodynamics

The inequality of Clausius states that for a system passing through a cycle involving heat exchanges:

fien



If the process is reversible:

dQr
f T 0
The entropy is defined as:
2
dQr
Sy — 51 = / —
1 T
In incremental form:
B _dQRr
dS = mds = T
For a control volume:
% S Th(SQ — 81)

Alternatively, we can write:

m(sy — s1) = % + ASIRREV

For an adiabatic process: Q =0, and therefore:

S2 2 81
and, if the process is reversible, sy = s1

For a System of Mass m Undergoing a Reversible Process:

6Q =dQr =mTds

OW = dWgr = mpdv
Substituting into the first law of thermodynamics
dU = mdu = mTds — mpdv

And therefore
du = Tds — pdv

Sinceh:u—i—%:u—i—pv = dh = du + pdv + vdp

d
dh:Tds—i—vdp:Tds—i—?p

Since these equations are written in terms of properties of the system, they can be applied to
a system undergoing any process.

Entropy in a turbomachine is a very important property as it is related to the loss of work. It
is therefore important to track the sources of entropy.



7 Bernoulli’s Equation

Let’s consider the energy equation without heat transfer and work:

1
(ha — h1) + 5(63 — )+ g(za—21) =0

or Ah() =0
In differential form:

dh + cdc+ gdz =0

If the flow is isentropic, i.e., no mixing or friction forces acting on our streamline:

d
dh:T®+v@:>§

and therefore:

d
?p+cdc—|—gdz:0
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Figure 4: Streamline flow with pressure and velocity variations

By integrating:

2
d
[
1P
If the Flow is Incompressible (p = const

1

2 2
/ cdc+/ gdz =0
1 1
)

(3—c)+9g(za—2)=0

(2 — 1) +
P b2 —Pp1 5
We can introduce the total pressure pg = p + % pc? (total pressure)

1
;(poz —po1) +9(z2—21) =0

In hydraulic machines we often define the total head:



H:z+@
g

Hy—Hy =0

For a gas, the change in gravitational potential is usually negligible, and then:
2 2
d
/ L + / cdc =0
1 P 1

po2 —po1 =0 = po2 = po1

or, if p = const:

8 Ideal Gases

Ideal gases obey an equation of state

D Ry
- = T =
=R R=—
Ry = 8314 J M—2897k/km1
0= 2 ol K = 4090 KB/XmO
J
— 987"
Rar 87kgK

oh dh
Cp— (M)p_ﬂ — h—CpT

ou du
Cy = o v__d = u=c,1
8.1 Perfect Gas

A perfect gas is a gas where ¢, and ¢, are constant:

d d
Tds = dh — £ = c,dT — £
P

T
sz—slchlnﬁ—Rylni—j



9 Compressible Flows

In a compressible flow:

c c
M = — =
a /YRT

For a perfect gas:

1 1
ho = h + §c2 = ¢,Tp = ¢,T + §M27RT

M?yR
=cpT <1 + i >
2¢p
To Y1,
— =1 M
T + 2
For an isentropic flow:
dp dT dp  v—1 d£

edl = L = = = =1
P p T  pTe, v p

Jiie Jie
po _ (To\! Yol e\t
S = (1+1—Mm
p <T> <+ 2 >

The same relationship can be used along a streamline for an isentropic process:

0
o2 _ <T02> o
Po1 To1

Similarly
d d(pT
eydl = dh = P = R%°T) _ ppap 4 Rar
p p
dT 1 dT
W _gle L AT _do
T p y=1T p

Another important Relation

m:pcAn:pO'ﬁ'M YRTo | =
Po 0

_1(~+1
- .W/WRT0M<1+’Y 1M2) 1) , =
V 0




