


Continuous-time Markov Chain @

* A Continuous-time Markov Chain (CT-MC) is a SP {X;,t € T} satisfying e

q14

a) The sample space X = {x,, X1, X5, ... } can be either finite or countably infinite

b) Transition from x; to x; may occur at each time t with a give rate of g;;(t), with t € R
c) The transition probabilities satisfy the Markov Property
Pij(tistir1) = Pr(x(terr) =xj [ xj04,)) = Pr(x(tes1) = x; [ x(t) = x1), t® <tip1

* The Markov property implies the random time AT}, = t;,, — t; we need to wait to leave the
actual state x(t;) at time t;, is exponentially distributed (thus memoryless) such that:

1
% qij(ti)
Holding time of state i

ATy =min{dt >0 : X, a # xi| Xy, = xi} ~ Exp qu-j(tk) dt
J

IMPORTANT: It follows that the flow of events to jump out of a state x; are Poiss(Atk - Zj qij (tk)).

Consequently, as the time At spent in a state without a jump increases.
Follows that the probability p;; (ty, t;, + At;) of remaining in the same state decrease.
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Continuous-time Markov Chain (cont’d)

* Since the time of leaving x; at time ¢}, is Exp(zj qij (tk)), the transition
probabilities depend on t;, and t;, 4 (or equivalenty by t,, and At;, = t,.1 — t%)

pij(titir1) = Pr(x(tee1) = x5 | x(t) = xi),

e < tr41

* Let g;;(ty) > 0 be the rate of events to jump from x; — x; this implies

Pr( x(tiy1) = x; | x(t) = xi)

qi‘j (tk) - tkiillgfk

e Equivalently, it results that

Tke+1

Pii(te,tis1) 2/

Tk

Ter1 — Lk

Aty

N

I'd N

qij(t)dtx = qij(te) - (tk1 — 1)

0

(Note: CT-MCs is thus GSMP)

pii = Pr( x(ti1) = xilx(t) = x; )

4

ar <

Q

g pij (i#))

 Thisimplies, as Aty — 0thenp;;(ty,t) =1 — X p;ij(ty, tx) = 1, while as the time
passes it monotonically decreases to zero
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Evolution of a CT-MC: Connection between P and Q

Afk
We have seen that N

' N

Pij(tkstir1) = qij(te) - (tep1 — 1)

Moreover it also results that

Z pij(tk,tk_|_1) =1 ‘v’xiEX ,Vl‘k,tk_H ERZQ
ijX

Thus, the transition probability matrix takes the next expression
pu(tc,tiv1)  pr2(te, tisr)
P(ty,ti1) = | p21(tkstis1) Vit <ty
- Pij(te, tks1)

Thus, it is straightforward note that

pij(t,te) = | qij(T)dT=0 Vj#i

pii(te, 1) = 1— piite, 1) = 1
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Evolution of a CT-MC: Connection between P and Q (cont’d)

e By using the same notation of DT-MC we define the marginal (unconditional)
probability of being in state x; at time t as

%) =Pr(x(t) =x) =y T1(0) = [1(0), 7 (0),..

 Moreover, by means of the Total Probability Law it yields
Aty

mi(t+Ar) =Y m(t)- pij(t,0+Ar) Pij(testev1) =~ qij(t) - (k1 — k)

x;ieX

* From that, and by the exploiting the transition probability matrix one derives

[I(zt+Ar) =11(¢) - P(t,t +At), Yt>0

* Problem: There are infinite many transition probabilities matrices, one for each
pair of t and At (function of 2 variables)!!! How to find P(t,t + At) and I1(t)?

 Answer: We require a method to represent the marginal probability dynamics
as a function of the transition rates instead of the transition probabilities
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Evolution of a CT-MC: Connection between P and Q (cont’d)

* As for DT-MC also for CT-MC the Markov Property allows to write

Pij tkatk—l-l Z Pir tka prj 4 tk—{—l) I <t <tgyq
xreX
* in matrix form: P(ty,trs1) = P(ty,t) - P(t,t341)
e <t <Ilpgi

* or equivalently P(ty,t +Aty) = P(ty,t) - P(t,t + Aty,) O0<Aty=t—t; <tr1 — Ik
 Subtracting both side P(t,,t), and dividing by At;, — 0, and because P(t,t) = I, then

P(ty,t +Aty) — P(ty.,t) _ P(ty,t)- P(t,t +Aty) — P(ty,1) . P - P(t,t+At)— 1

Aty Aty Aty

(" As Aty — 0 it results the Kolmogorov forward PDE )
P(t;,1) -|Q(t)| < Transition rate matrix

(or Intensity matrix)

N
r N\

8P(tk,t) — P(tk,t) . lim P(t’H_Atk) —1 This Partial Differential Equation
\ ot At —0 Aty ) describes the time-evolutions of
matrix P starting from time ¢,
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Marginal probability evolution of CT-MCs

* Moroever, note that [I(t+At) =11(t) - P(t,t +Ar), Yt>0

* Thus, by subtracting I1(t) on both sides, and by dividing At — 0, one has

Chapman-Kolgomorov dIl(z) A — Tim P(t,t+At) -1
[ Equation for CT-MC dt =11(t)- Q1) Q) At—0 At

* Each entry g;;(t) measures the events rate enabling to jump from x; at time t
to x; after an arbitrarily small time-interval At — 0

Pr(x(t+At) =x; | x(t) = x;)

qi-(t) = lim
/ At—0 At pii(l‘,f—l-Af)
* Clearly, when p;; increases, p;; decreases 1_VZ. qij(t) - Ar — 1
qa’(t) = lim J7
: : ] At—0 At
* |Indeed, notice that g;;(t) is always negative
for eachtimet = 0 = = Z qij(t)

Y ji
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Transition rate matrix:

Q(¢) = lim

Ar—0

P(t,t+At)—1
At

* By construction the matrix Q(t) satisfies the following properties:

1
pii = Pr( x(ti1) = xilx(te) = xi )
2>
Q
o pij (i#])
0
dll(t
0 n)Qu)

( Since Q(t) satisfies:
Q()-1=0-1

\It has at least one zero eigenvalue

v,

qij(t) > 0 in,XjEX,i#j
Qii(t) < 0 VxieX

Y 4i()=0 vyex
VJCJ'EX

r

N
Since —Q(t) is diagonally dominant, it yields

that Q(t) has non positive eigenvalues

Rieig{Q(1)}} € Reo

* Afinite-state CT-MCis always WSS (indeed as t — oo both p;;(c) and [1(c0)
converges to a pmf distribution), but a MC is not necessarily ergodic, namely [1(c0)

may not be unique V [1(0)
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Continuous-time Markov Chains

* Definition: A CT-MC is mathematical model for stochastic processes defined by
the triplet

|c=x.Qu.m0) |

* where
1. X :is the discrete sample space of the CT process

2.  Q(t):isthe transition rate matrix at time teR

Pr(x(t+At) =x; | x(t) =x; )

t t .
4111( ) 6]1.2( ) 6]ij(l‘) _ Ahmo -
Q1) = | g1 () '
: q,;j(t) in, XjEX,Vl‘G]RZ()

3. II(0): is the initial marginal probability distribution

[1(0) = [m(0), m; (0),. . .] 7;(0) = Pr(x(0) = x;)
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Time-Homogeneous CT-MC

* The study of CT-MCs is simpler when the matrix P(t,t + At) depends only by At
and not by the actual time t. In this case the transition rate matrix Q is constant

Q(t) = lim P, H_At » Q) =Q (cost.), V>0

At—0

* Thus the CT-MC is called time-homogeneous and its evolution is governed by a
linear time-invariant (LTI) systems, where eig(Q) < 0

g IP(ty,1) dP(t) N ( dI1(t) A
P11 t
) . = P(1)- = II(¢) -
> P(t,1)- Q1) » 7 (1)-Q 7 (1)-Q
L Kolmogorov forward equation ) Ghap,-KoIg. equation)

. Remark: Physical processes are sometimes not time-homogeneous, however, by
restricting the analysis over a small time-horizon may provide faithful predictions
as well, e.g., whether prediction models are re-calibrated periodically

* Such approximation is equivalent to a linearization for a LTI dynamical system
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Transition graph of a Homogeneous CT-MC

A time-homogeneous CT-MC can be described a directed graph with constant

weights
I/ is the vertex set

G=(V.E
(V.E) E €V XV isthe edge set of G

Each vertex of the graph corresponds to a possible outcome of the CT-MC
V = {xo,xl,XZ, }

An edge (xi,xj) € E attime t exists if

qijAt -0 (for time-homogenous CT-MC
— i rates are constants V t )

= = lim
At—0 At At—0 At

Self-loops in CT-MCs are implicit, indeed we can always remain for a while in
the actual state. Since negative rates make little sense, they are omitted in the
graph. A CT-MC is always aperiodic.

~\

J
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Examples

* In this course we focus our attention on time-homogenous CT-MCs, thus Q will
be always time-invariant.

* Example 1: A machine can be in two states

_ )X healthy
X ={x,x0} = { xy o faulty

* The failure rate is of a fault every 100 days of work, whereas the repair time is
of 1 day, thus

1 fault reparation
100 day

qi12 day

* Determine the transition rate matrix Q and its transition graph are
0.01

—0.01 0.0l
o- (0 0) (T

1
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CT Chapman Kolgomorov Equation’s solution

* In contrast with the DT-MC, the CT CK equation cannot be solved easily. This makes the study
of probabilities in transient-regime (in the short time) a bit harder

* Fortunately, probabilities in a time-homogeneous CT-MC follows the solutions of an LTI system:

g D
CT Chapman-Kolmogorov Eqn. dI:dIEt) — H(l‘) .Q

Qt Matrix Exponential operator%

It lytical solution is: II(z) =11(0)-¢e
\ S analytical solution IS () () &/_/ )

* Note: Matrix Exponential operator, to be computed, requires the diagonalization of Q thought
the eigenvalues matrix A(Q) = diag(1,,1,, ...) < 0 and eigenvectors matrix V = [v;] of Q

Qvi — )'irui (" A=diag(Ay,.An) h

N\

Then, because of A = V"1QV it yields H(l‘) _ H(O) V-e V_lQV L Vo

\_ J
* Alternatively: it can be solved numerically for
a small sampling time 7 < | max{eig{Q} ' }| DT Chapman-Kolmogorov Eqgn.
P
dII(z II(r+7)—TII(z ——
di)% ( i ():H(t)'Q:> It +7) = (1) (I +7Q)
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CT Chapman Kolgomorov Equation’s solution (cont’d)

* Another way to solve the CT Chapman Kolgomorov Equation is by resorting to
the concept of Laplace transformation for CT LTI systems.

* |In particual let s be the Laplace variable, and I1(0) be the initial probability
distribution, one has

c{Tmcmo-r Wy ene-n0-ne-Q

» 1(s)- (s I — Q) = TI(0)

» H(s) — H(O) . (S J — Q)_l (see “resolvent matrix”)

B o-c ' {nocr-"} |
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Examples (cont’d)

x1 : healthy

* Example 1: A machine can be in two states X = {x;,xx} = { fault
Xy UILY

0.01

(1= Q:(‘Of” 0;011) () = (1 0)

1

 Then, one has

(s I-Q)"

adi{sI-Q} 1 s+0.01 0.01
det{sT—-Q} s(s+1.01) 1 s+1

[ H(S) — H(O) ) (S 1 — Q)_l — (S(sj-—li.lOI) S(S(-)l-.(l).l()l) )J »
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Examples (cont’d)

* Then, by means of the partial fraction decomposition

RLR = lim (s~ pj) - TH(s)

R} R} R? R?
I1(s) = (S_—l += , ot s=p;
* Asan example: 1 521 1 s+1 0.01 (.1 001)y_ (100 1
R, RY] —}g%(s\@; (s(s+1.01) s(s—l—l.Ol)) =(tor tor) = (for  To1)

Ry,R;] = lim MU'(S(% s(;l)—;(l)wlﬁl_)):(—(l):gi %) = (o0 wor)

s——1.01

e Then:
_ (100 1, 1 11
I1(s) = (o1 - 5 + To1 ST10T 0 ToT s — 101 s+1.01)

* Finally, by the Laplace inverse transformation method, one derives

U =

~N

— (l00 4 Le-tolr L L o=101).§ (1) V>0

K afessaruro ot

J
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Stationary and limiting distribution of CT-MC

* Let us consider the evolution of a time-homogeneous CT-MC

dri(e) _
e (OR>

* The CT-MC reaches an equilibria, i.e. it has a limiting distribution I1, = Il(0) if
and only if its probability rate becomes null II = 0, thusI[1(¢)Q = 0, ast — o

(+ Definition: A CT-MC admits a limiting distribution II; if, for the given initial )
probability distribution I1(0) = [,(0),m,(0), ... |, the following limit exists

1, = lim II(z) = lim TI(0) - ¥

\ [—$oo [—oo y
* Definition: The marginal probability distribution II; is called stationary if and
only if it satisfies the so-called balance equations for CT-MCs:
[1,Q =0 -1=1 = ) m,=1
. : J
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Considerations on Stationary and Limiting distribution

* Remark 1: A limiting distribution II, is also a stationary distribution I1, thus it
solves the balancing equations

The viceversa, is not true.

* Remark 2: This limit does not exist if Q has more than 1 eigenvalue in the origin
“0” or if it has eigenvalue with pure imaginary part

A 11, = lim I1(0) - Q"

t—o0

* Remark 3: The above limit may exists but it is not necessarily unique, thus II,
may be influenced by the considered initial marginal probability distribution

H(O) = [ﬂl (0), [ %) (O), .. ]

* Remark 4: If the limit exists, once Il, is reached, then I1, will remain
unchanged, and constant, for all the subsequent instant of time.
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Ergodic CT-MC

* Definition: A CT-MC is said to be ergodic if and only if:
1) Exists a limiting probability distribution II, (stationarity prerequisite)

311, = lim I1(¢)

{—o0

2) This limit is unique, thus independent by

H(O) = [7171 (0), (%) (0), .. ]

If these conditions are verified, to understand the behavior of the CT-MC

we can simply study one, sufficiently long, possible realizations

( )
* Remark: If a CT-MC is ergodic, the calculus of its limiting distribution II,

reduces to the calculus of its stationary component II; (thus, to the resolution

of a linear system).
g J
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Criteria for evaluating the ergodicity of CT-MC

/ Eigenvalue Criteria \

* Theorem: Let A; € C.o withi =1, ..., 1, be the eigenvalues of the transition rate
matrix Q of a t|me homogeneous CT MC

* Since Q, by construction, diagonally dominant, it satisfies that
7L1:O, Re{)L,;}gO Y i:2,3,...
* The homogeneous CT-MC is ergodic if and only if

\ Re{Al}<0 V i=23,... , 4 =0 /

g Graph’s Criteria A

* Theorem: A homogeneous CT-MC is ergodic if and only if its associated graph
G (V,E) has a single “ergodic” Strongly Connected Component (SCC).

. J

e Remark: The classification of the states and of a SSC follows that for DT-MCs
without changes, the only exception regards the concept of periodicity.

* Here SCC are always aperiodic, since self-loops are implicit in each state

alessandro.pilloni@unica.it 20



Examples

 Example 1:

—0.01  0.01
T e ()

a) By the Eigenvalues’ criteria one has

det{AT - Q} = det{ (’L ool ;Ofll) } — (L +1.01)

M =0 ,A4=-1.01 [ This CT-MC is ergodic]

b) By the Graph’s criteria one has that G (V, E') has a single ergodic component,
namely, {x, x5 }.

[ This graph is irriducible and thus CT-MC is ergodic ]

alessandro.pilloni@unica.it

21



Examples (cont’d)

* Since the CT-MC is ergodic its limiting distribution I, coincides with its stationary
distribution I1;, that is thus unique and independent by I1(0).

0.01 1.Q =0
1 Z Tis =1
i

 Remark 1: The result is coherent with that obtained by the Laplace Transformation

__ (100 1 —1.01¢ 1 1  .—1.01z

I1(t) = (1o + 101 "€ > To1 — 101 € ). vt>0
 Remark 2: In a CT-MC transition occur in CT with given mean rates
* This mean we also can continuously leave and return to a state as the time passes
|t follows G(V, E) is always aperiodic.

* Probability gives an info about the proportion of time to be in each state
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Absorption probability: a; =Pr(3t = 0: x(t) € E;|x(0) = i)

* Example: Given a CT-MC, how to compute a; = Pr(3 ¢t = 0 : x(t) € E,|x(0) = i)?

_ {4} (To answer this question we can invoke the )
concept of Jump DT-MC of a CT-MC,
that is a DT-MC where
i / qdij ..
= {5} p;izllﬂ:q;’i:o ; pij:Z_q__ JF#1
\. /Y J
* Then, the calculus of a; follow that for standard DT-MCs. Thus one derives that
1 3 1 8
a'l :§a'2—|—§a’3+§a; a'l :ﬁ
a,2 :ag a’z :E
A= 2 .
37391395 , 10 ,
/ a3 =711 ~ P35

* Fromthat, let b; = Pr(3t = 0 : x(t) € E;|x(0) = i) one can further conclude that

by =1—a} ~0.27 > pu

alessa

by =

1 —ah ~0.09 by =1—df ~ 0.09
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Expected time to absorption: u; = E|T|X, = i]

* As for CT-MCs the expected time to absorption can be derived iff it has a single absorbing
state, otherwise p; — oo. If not, the chain need to be rearranged, e.g., as follows:

Then: Let T be the min time to reach, e.g. s = 6

» oo 2 o T=min{t >0 : X; =6|Xo =i} ~Exp (Hi_l)

we can look forward  w; = E[T|Xp = i]

(. The expected time to absorption of state “s” given X, = i, is the solution of a linear system

where Hs = 0 E[dt] <+ Law of Total Expectation
e T"isthe mean time toleavei E[ry] pr(XT*:B
Pt Eldt| X7x=7
T* =min{r >0 : X, #i[Xo =i} 1 [,LL” g .
qij
Hi = + ) mj Vo oiFs
* dtis the time to reach s from state X+ Yidij v jex Xj4ij
. J
e Example: Compute y; = E[T|X, = i] Vi # s:
[ Ug=0 (16 =0 [ H6=0
_ 1 _1
) u1=3%+§—3u2 » { M1 =3, T2 ‘ \ M=y
1 11 — 2
| Ho = 3, 3+ S s (2= 3 +3(5 T 2) L =g <
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Mean first time & Mean Recurrence time original
CT-MC

* Example: Consider a CT-MC with 1 ergodic class, e.g., E; = {3,4,5}

The mean first time from i to a target state s is
ti=Emin{t >0 : X, =5 | Xo =i}]

e Consider, e.g., s = 5, since we don’t care where the chain will jump after reaching s,
then this is as asking for the expected absorbing time of state s = 5 for the next CT-MC

I4 :l/u
4 )
ts=15=20 t3=1/u+t4=2/u
' » 1 dij t :i+%t1+lt3:367/u
’ li = __"’th' - 3u 3 3 '
rearranged \ Yiqij ‘T Ljdij y 1
CT-MC —— 1 =4
2 3u Th /u
) )
* The mean recurrence time of s can be computed as
qij
: t; =E[min{zt >0 : X; =5 | Xo = s}] » Ls qul]_l_zquu )
 Example (cont’d): Lets = 5 ‘ i + _t3 4+ —t4 1 i — 2 sec
2v 2V 2v 2u

u=v=1
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Continuous-time Birth-Death Processes

(. Definition: A continuous-time Birth-Death Process (CT-BDP) is a special class of A
CT-MC which are characterized by:
a) The sample space X can only take integer values
X={0,1,2,... }el
b) Only transitions between adjacent states are allowed
\c) Transitions may be observed at any instant of time ¢,, € R-, y

4 N
CT-BDP are often used
Ao A A3

T to model queues
oSowowous
H1 U2 U3 . @

\ S

 Remark: The sample space X may denotes the population of packects to be
delivered by a router, or costumers in a queue, token in service system, infected
people in a geographic area, etc...
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Continuous-time Birth-Death Processes (cont’d)

* The transition graph of CT-BDP is as follows

e State transitions are of only two types

a) Births which increase the state by one

[ A; denotes birth rate ]

b) Deaths which decrease the state by one

[ i; denotes the death rate ]

alessandro.pilloni@unica.it
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Transition rate matrix of a CT-BDP

* The transition rate matrix Q of a CT-BDP is three-diagonal as follows

/—ﬂo Ao 0
ny —Ar—u M 0
0 U2 —3,2 — U 2.2 0
Q=1 0 0 U3 —A3 — U3 A3
0 Ly —A— s A4

\

 Remark: If the number of is limited it can be studied as finite-state CT-MC
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Continuous-time Birth-Death Processes (cont’d)

[ Differently with the DT-BDPs, CT-BDPs are by construction aperiodic ]

* Then,let A; = A;(t) and u; = u;(t) one has that:

a) If A; and p; are time-invariant, i.e., constant for each t:

[ The CT-BDP is called homogenous, and matrix Q has constant entries]

b) IfA; = Aand u; = u are constant for each i, and t:

[ The CT-BDP is called uniform. ]

c) IfA; >0andy; > 0foreachi

The CT-BDP is irriducible
(all states are mutually reachable)

alessandro.pilloni@unica.it

.

Remark: Not enough to say
ergodic, because we have
infinite many states... ®

\

J
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Stationary distribution of CT-BDP

e Consider an uniform CT-BDP

Ai:l , Mi=H, VieX

* The stationary distribution 1, for a CT-BDP with infinite many state can be
evaluated by solving the balance equation:

[-Q=0
Zi ﬂ:i,s =1
( Ao
p— —_— e (
Ts 1 ﬁtl 7Ts.0 T 1 = PTG
g2 = u_; " T 1 p = & Tso = P2 s 0
\ Tes. i — ;i_r, F i1 < TTs.i P - Ts.0
Ty = 1
\ i si — 1 : L >
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Stationary distribution of CT-BDP (cont’d)

* By simple manipulation one has

M0+ PTs o+ P Mo+ =1

ESOZp =1

4 If this geometric series is convergent\
(i.e. p < 1), then II; exists unique

e 4= [p:&<1]
1—p H
\_ e Y, .

* The irreducibility and aperiodicity of the graph along with the above condition
implies the ergodicity of the CT-DBP.

* Thus:

pn—l—l

n i_l_
ZP I

i—0 P

1
I=p

5.0 =1 :HgEHS:{ To = 1=p

Ts.i pl-mo=p - (1—p), Vi>0

* Remark: Clearly if instead the number of states is finite, the CT-MC is always
ergodic regardless of the value of p
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Metrics of interest of CT-BDPs

* As for DT-BDP the long term expected population size as well as its long term
variance can be derived by exploting the Moment generating function for discrete r.v.

Mi(z) = )n:Z‘l"faF(l—P)f(E) Z(l—m-llp:(l_p)'z

i=0 i=0 \ % —Z =P

* In particular, it results both long term expectation as well as the long term variance
takes the same expression seen for a DT-BDP

g(eo) = M) :_i((l—P)Z) _(=p)e=p)—(=p)z-l| _ _pl=p)| _ p_
dz |-y dz\ z2=p Jl— (z—p)? - (z—p)? |, 1-p
2
Varlt] = | ()= (e =

Remark: If p > 1 the population size of the BDP will tends +co
tiy(c0) - oo = the DT-BDP is not stationary = not ergodic

Remark: For a DT-BDP all the techniques for DT-MC can be also applied by properly
reducing/rearranging the transition graph as a finite-state CT MC
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