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Linear elasticity

In Cartesian coordinates, the equations of motion are given by
oiji+fi=pue 1,j=123, (1)

where ojj are the components of the stress tensor, u; are the
components of the displacement vector u = (us, up, uz), f; are the
components of the volume force vector f = (f1,f,, f3), and p is the
material density. The stress components oj; describe the force
interactions between portions of an elastic body. The following notation
will be used for partial differentiation with respect to the spatial
coordinates x; and time t:

o) _a0)
Qi=% =50

In this chapter we modify our notation for partial derivatives in order to
use Einstein’s convention for repeated subscripts i, j, k, I, m, n.
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Motion equations and strains

Equation (1) may be written as
3
doi d%u;
- = j =123
Z a p atz ? J =
i=1
In elasticity it is shown that the matrix [ojj] is symmetric so that ojj = oj;.

The Cartesian components eg of the strain tensor are given by

1
Esk = E(Us,k + Ugs)- (2)

By definition, the matrix [e«] is also symmetric.
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Hooke’s law

The stress and strain tensors are related by the generalized version of
Hooke’s law. For an isotropic body this takes the form

oij = Aewdij + 2peij, ()

where p and \ are Lamé’s constants. Relation (3) is an extension of
Hooke’s law for the rod: ¢ = Ec. Young’s modulus E may be obtained
from Lamé’s constants as

£ HGA+2u)
Ap
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Hooke’s law

A more general form of Hooke’s law for an anisotropic body is
gij = CijmnEmn

where the elastic moduli Cjjm, (the components of a tensor of elastic
moduli) satisfy

Cijmn = Cjimn = Cijnm = Cmnij-
As a result, the set Cjjmn consists of no more than 21 independent

constants. For an isotropic body, the number of independent elastic

constants is two; they can be chosen as the Lamé constants ;, and A
so that

Cijmn = )\5ij5mn + ,U((Siméjn + 5in5jm)7
where Jj; is Kronecker’s symbol.
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Motion equations

Substitution of (3) and (2) into (1) yields the equations of motion in
terms of the displacements:

(A4 Uik + puki + pfk = pue 1, k=1,2,3. (4)
For equilibrium problems, the equations of motion reduce to
aiji +f =0, j=1,23 (5)
or, in terms of displacements,

(A + Ui + pugji +fk =0, k=123 (6)
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Boundary conditions

Two types of boundary conditions occur in the formulation of boundary
value problems in elasticity. Suppose the boundary S= 9V of a body
consists of two nonoverlapping portions §; and S sothat S=S U S
and §; NS, = (. If the displacement vector is given on S, we have a
boundary condition of the form

ui|51 = uio7 I = 17 27 37 (7)

where 10 is a given function. If external forces (py, p2, p3) act over S,
the condition is
noijlg, =P, i=123, (8)

where the p; are given functions and n; are the components of the
outward unit normal to S,
The dynamic problems of elasticity also require initial conditions of the
form

ui|t:0 =G, ui7t|t:0 =V, i=123.
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Strain energy density
In elasticity, the strain energy function W is introduced as a quadratic
function of the epp:
W(em) = %Eijcijmn&‘mn.
For an isotropic material this reduces to

1
W(em) = EAé‘ﬁ + peijeij- )

From thermodynamic considerations it follows that W is positive
definite:

W(em) > 0 whenever eq, # 0. (20)
This implies the following inequalities for the elastic moduli:

3\ +2u > 0, u> 0. (11)
It can be shown that W is the potential for stresses:
oij = W75ij.
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Lagrange’s variational principle

The existence of W allows us to formulate Lagrange’s variational
principle for elasticity:

A stationary point u = (uz, Uy, u3) of the total potential energy functional

5(u):///\/W(emn)dV—//VfiuidV—//SzpiuidS

on the set of admissible displacements subject to (7) satisfies the
equilibrium equations (5) in the volume V and the boundary condition
(8). The converse also holds. This stationary point is the minimum of 5./
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Proof.
Using the formula

d
o0& = Eg(u + T‘P)|T:oa ¢ = (p1,92,¢3),

let us find the first variation of £:

55:///\/%“/,5”(%1+901,i)dV—///VfisOi dV—//SzpupidS
:///\/W,aijSOj,i dV—//VfiQOi dv—//szpiSOi ds
:///Vaijwj,idV—//VfiwidV—//SzpiwidS
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Proof.

We show that if §& = O for all admissible ¢j, then (5) and (8) hold. The
Gauss—Ostrogradski formula gives

02552///Vaij@j,idV—///VfiSOidV—//Szpi@idS
:—///V(aij,i+fj)<pjdv+//81nkakjgojds
+//Sz(nkokj—pj)goj ds

Recall that the ¢; satisfy the homogeneous version of (7), i.e., gi|s, = 0.
O
N v
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From the arbitrariness of ¢j, a two-step derivation (first for the volume
integrals where we take ¢ = 0 on S, then for the surface integrals)
yields the required equations

O‘ij,i—l—fj =0in V, nkakj|32:pj.
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Proof.

Conversely, on a solution u of the equilibrium problem we have 6 =0
for any admissible ¢; that vanishes on S;. Indeed, multiply the ith
equation of (5) by ¢j, add the results, then integrate over V. Using a
similar formula obtained by multiplying the ith equation of (8) by ¢,
summing, and integrating over S, we get

0= ///V (owik+ i) @i dV_//SZ(nkUki —Pi)pidS
:—///Vakjcpj,de—i—//vfigoidV
+//Snk0kis0i dS— //Sz(nkaki — Pi)gi dS
:_///Vawj,kdv+//vfi¢idv+//szpi<pids
= —0¢&.
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Proof.
Hence a stationary point of £ is a solution to the equilibrium problem
for the elastic body, and vice versa.

Finally we show that £ attains its minimum at the stationary point. The
proof uses the fact that W is a positive definite quadratic form in the
strain components. Let U = (Uy, Uy, Uz) be another admissible vector
function satisfying (7) and consider the difference

AE = £(0) — E(u).
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We get

AE:///\/W(émn)dV—//VfiuidV—//SzpiUidS
—///\/W(smn)dVJr///vfiuidVJr//Szpiuids
:///\/ [W(Em) — W(em)] dV
—///Vfi(tli—ui)dV—//Szpi(Ui—ui)dS




Proof.

Let yi = Uy — u;. Because G; and u; coincide on S;, we have yj|s, = 0.
Next,

2 [W(Em) — W(em)] = A& + 2u&ijéij — Aeff — 2peijeij
= \GZ + 2uéij&ij + 2)\éiidii + 4udi&
= 2W(Em) + 2\&idii + 4puéijéj
where

(Umn + Unm), Em = S (@mn + @nm)-

NI =

€mn =

NI =
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Therefore

AE = ///\/W(ém)dVJr///v(AenEn + 2ueyéiy) AV
—//medV—/SzpmdS
— ///VW(E,m)dVJr///VUijSOj,i dv
—// fiwidV—/SzpiwidS
///w )aV + 0€.
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Proof.
Because u = (uy, Up, Ug) is a solution, the first variation 6£ = 0 for any
admissible ¢ and we have

A€ = / / /V W(Em) dV. (12)

The positive definiteness of W means that A€ > 0 for any admissible
U;. Hence the set of u; are a global minimizer of £. O
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Virtual work principle

Theorem

Sufficiently smooth functions u; that vanish on S; are a solution to the
boundary value problem (5), (7), (8), if and only if the equation

/L p——

with oj; given by (3), holds for any sufficiently smooth functions ¢; that
also vanish on 0S;.

The virtual work principle underlies the notion of weak solutions in
elasticity. It is more general than Lagrange’s principle as it can be
extended to nonconservative systems for which total potential energy
functionals do not exist.
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Hamilton’s least action principle

Hamilton’s least action principle is the basis for variational formulations
in dynamics. Let the kinetic energy density of a body be given by

K= %P(Uit + U+ U5y)-
In this case we say that a function is admissible if it (1) vanishes on §
and (2) takes the values of a solution to the dynamical problem at time
instants t; and to. This means that we consider the admissible
variations j(x1, X2, X3, t) of the solution to the problem such that

Qpi‘sl = Oand SOi‘t:tl =0= SOi‘t:tz'
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Hamilton’s variational principle

A solution to a boundary value problem in the dynamics of elastic
solids (i.e., a solution to (1), (7), and (8)) is a stationary point of the
action functional

5A(u):/: (///V(K—W)dV+//VfiuidV+//SzpiuidS>dt

in the class of admissible functions that satisfy (7) and take prescribed
values coincident with the solution at time instants t; and t,.
Conversely, a stationary point of €4 in the class of admissible functions
is a solution to the dynamical boundary value problem for an elastic
body.
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Hamilton’s variational principle

R

The first variation of & is

t2
sea= [ ([ [ wsens— v+t + [ macs)
t \ %

Integrating by parts, we have

t2
0 = / (///(—pui,nsai + oijiv) + figi) AV — // ko pj dS
t v S
+// Pi i dS> dt + /// pU; rpi AV
S \Y

t=ty
t=t;
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Proof.

But yi|. = 0and <pi|t:tl = 0= g \t:tz, S0

t2
0 = / (///(—puj',u + oij,i + f)pj AV
t v
- //(nkakj + P dS> dt.
S

Hence if €4 = 0 for all admissible ;, the equations of motion (1) and
the boundary conditions (8) follow.

Conversely, if u is a solution to the dynamic problem, the first variation
of Ea is zero. The proof is similar to the proof of the corresponding part
of Lagrange’s principle. The difference lies in the sets of admissible
functions and in the domain of integration, which for Hamilton’s

principle is V x [ty, to].

O )
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Comments

We should note that Hamilton’s principle is not minimal; it yields
stationary points of the action functional.

Other variational principles in elasticity bear names such as
Castigliano, Reissner, Washizu, Tonti, and Hashin-Strikman. Some are
minimal or maximal like Lagrange’s principle; others are stationary like
Hamilton’s principle.

In addition to their roles in proving existence theorems, they form the
basis for practical engineering approaches such as the finite element
method. Moreover, extensions of variational methods turned out to be
useful in the theory of more complex problems in nonlinear elasticity,
plasticity, viscoelasticity, and so on.
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Reissner—Mindlin plate theory

In Reissner—Mindlin plate theory, the bending of an elastic plate is
described by the equations

M111+ Mo12 — Q1 = pd1y, (14)
M121 4+ Mo — Qo = pJdioy, (15)
Q1+ Q22+ p = phwy, (16)

where the M,z are the bending and twisting moments («, 5 = 1, 2), the
Q. are the transverse shear forces, the 1, are the averaged rotations
of fibers normal to the plate midsurface before deformation, w is the
deflection, p is the density, J is the moment of inertia, his the plate
thickness, and p is the transverse load.
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Constitutive equations

The constitutive equations — i.e., the relations between the bending
and twisting moments, the transverse shear forces, and the surface
strain measures — are given by

M1 = D(¥11 + v22), Mg = D(V22 + v1.1), @a7)
D(1—
Mz = Moy = %(191,2 +921), (18)
Q1 =T(wy+9y), Q2 =T (W2 + 92), (19)
p— B o n (20)
T2

where E is Young’s modulus, u is the shear modulus, v is Poisson’s
ratio, D is the bending stiffness, I is the transverse shear stiffness, and
k is the shear correction factor. For k, Reissner proposed k = 5/6

whereas Mindlin took k = 72/12. Other values of k also appear in the
literature.
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Boundary conditions

In this theory, on the boundary contour 9S or a portion 9S;, kinematic
boundary conditions consist of given deflections and rotations:

0
Wog =W, alyg = Y0 (21)

Static boundary conditions are
naMaﬁ‘asz = Mg’y Qana‘asz = Qg (22)

In (21)—(22), the quantities w°, 63, Mg, and Q) are given functions of
the arc-length parameter s. The quantities n; and n, are the
components of the outward unit normal to 9S.
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Equilibrium equations

In equilibrium, equations (14)—(16) reduce to

M111+ Mo12 — Q1 =0, (23)
Mi21 4+ M2 — Q2 =0, (24)
Qu1+Q2+p=0. (25)

Solving (23) and (24) for Q1 and Q, and substituting these into (25),
we obtain
Mi111 + 2Mi212 + M2 22 + p = 0. (26)
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Strain energy density

The strain energy density for plate bending is

W(%Oéﬁv 701) =

1
> [Mab’%aﬁ + Qa’Ya]
D

1-v
2 2 2 2
= — |21 + 25 + w5000 + —5— (1 + 250123001 + 357)

2 2

T
+ 50 +3),

where s,z are the components of the bending tensor (or tensor of
change of curvature), and ~,, are the shear strain components defined

by

Aap = 79a,ﬂ7 Yo =Wao + Vo

It can be directly verified that

oW oW
Qa = 8—
Vo

Mo = (27)

D5tap’
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Kinetic energy

In the Reissner—Mindlin plate theory, the kinetic energy density is

K= [)_;(W,t)2 + % (9207 + (9207 -

Plate theory features variational principles similar to those in linear
elasticity.
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Lagrange’s variational principle

A solution of boundary value problem (23)—(25), (21), (22) is a
stationary point of the energy functional

E(W,D1,197) = //st //pwdS / (Qaw -+ M) ds.  (28)

Conversely, sufficiently smooth functions ¢, and w that constitute a
stationary point of £ in the class of all admissible functions (i.e.,
satisfying the kinematic boundary conditions (21)), satisfy the
equilibrium equations (23)—(25) and boundary conditions (22).
Moreover, at a stationary point £ takes its global minimum value.
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Virtual work principle

Theorem

Sufficiently smooth functions w, ¢, that vanish on 9S; constitute a
solution of the boundary value problem (23)—(25), (21), (22) if and only
if the equation

//S(MQB(PB,Q + Qa‘PO,a + Qa@a - pSOO) dsS— \/GSZ(QE])()OO + Mgs%’) ds = 07

(29)
with M,z and Q,, given by (17)—(19), holds for any sufficiently smooth

functions g, 1, 2 that also vanish on 9S;. )

Equation (29) forms the basis for various versions of the finite element
method in plate theory.
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Hamilton’s variational principle

Hamilton’s variational principle holds for dynamic problems in plate
theory:

Theorem

A solution to the dynamical boundary value problem (14)-(16), (21),
(22) is a stationary point of the action functional

5A=/: (//S(K—W)ds+ //Spwds+ /852(ng+ Mgﬁﬁ)ds> dt.

in the class of admissible functions (i.e., satisfying (21) and taking
prescribed values coincident with the solution at times t; and ty).
Conversely, a stationary point of £4 in the class of admissible functions
is a solution of the dynamical boundary value problem for the plate.
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Kirchhoff plate theory

The classical Kirchhoff theory is easily derived from the
Reissner—Mindlin theory. In the former, the rotations 1, and the
deflection w are related by

191 = —Wj, 192 = —Wo. (30)

)

So in Kirchhoff theory, bending of the plate is described by one
function: the deflection w(x, y, t). This allows us to return to a simpler
notation for the partial derivatives of w. We shall write w1 = w,

W 12 = Wyy, etc. The constitutive equations for the moments now take
the form
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Equilibrium equation, etc.

Equilibrium equation (26) reduces to an equation in w that we saw in
Chapter 1:

DAw+p=0. (33)
The strain energy functional for a Kirchhoff plate is

E(w) = //SWdS— //Spwds (34)

W= g (W + WG, + 20WioWyy + 2(1 — v)WZ | . (35)

To avoid awkward formulas we assumed here an absence of boundary
loads, i.e., Q) = MJ = 0. In Kirchhoff's plate theory the kinetic energy
becomes h
p 2
K==— .
5 (W)
Hamilton’s variational principle reduces to finding stationary points of

the functional "
Ea(w) = / (K —W + pw) dSdt
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Interaction of a plate with elastic beams

A

Figure: Left: plate with part of its boundary contour supported by beam AB.
Right: detail of the beam support.
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A cantilever plate

Figure: A cantilever plate supported by two straight beams.
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Energy

The total potential energy functional of the plate with two reinforcement
beams is

E(W, V1,92, U1, Up, Y1, 92) = //dedy // pw dx dy
+ Ep1(U) + Ep2(U2) + 1 (Y1) + Er2(2).

Here the energy functionals for beam bending for AB and CD are

1
5b1(U1)=2/ Eqla(uf(y dy /Q1 uL(y
1
5b2(U2):§/ Ealo(Uj(y))* dy — /QZ U (y
0

where the E, are Young’s moduli, I, are the moments of inertia of the

beams, and u,(y) are the vertical beam deflections. The energy
functionals for torsion in the beams AB and CD are

b b
falvy) = 5 [ D)’ Ealiz) = 5 | Dralus)’ oy

(36)
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Kinematic boundary conditions

Kinematic boundary conditions are the equations that describe rigid
clamping of the plate along AD, clamping of the beams at points A and
D, and the equality of the twisting angle to zero at Aand D:

W‘y:b =0= 191|y:b - 191‘y:b’
u]-‘y:b - uz‘y:b =0= wl‘y:b - ¢2|y:b' (37)
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Kinematic compatibility conditions

Kinematic compatibility of deformation for the plate and beams
requires equality between the defections of the plate edges and the
beams,

ur(y) = w(0,y) —rya(y), u(y) = w(@y) + ra(y), (38)

and equality of the corresponding rotation angles:

P1(y) =91(0,y),  2(y) = d1(ay). (39)

The kinematic compatibility conditions (38) describe coupling between
a plate and a pair of beams having circular cross sections of radius r
as in Fig. 2. Clearly this is not the only way to fix beams to a plate. For
beams of more complicated cross section, the kinematic compatibility
conditions can differ from (38); however, the analysis will be similar.
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Energy functional

By (38) and (39), the energy functional takes the form

E(w, V1,77) //dedy //pwdxdy

+ gbl( (O, y) - ”91(0> y)) + gbZ(W(a’ y) + r'lgl(a’ y))
+ &1(191(0, y)) + 5@(191(&, y)) (40)
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Natural boundary conditions

Natural boundary conditions for the plate follow from the condition
6& = 0. We have

a b
0= 56 = —/0 /O [(Mago — Qs)95 + (Quua + P)ioo] dxdly
+ /882(naMagcpa + NaQap0) ds
b
+ /O [Exl1(Wyy — rdayy) (o — Feyy) — duleo — re1)] |,_ody
b
+ /0 [E2l2(Wyy + rd1yy) (oyy + Foryy) — Galpo + Fon)] |, dy

b b
- / Dty dy + / D2ty o1y, dy
0 0

after use of integration by parts.
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Natural boundary conditions

Finally, we get the following set of natural boundary conditions:
AB: Mi1 — D711y +1Q1 =0, M1 =0,
Q1 + Exla(Wyyyy — rdayyy) — a1 =0,
BC: Mz =0, Mxp=0 Q,=0,
CD: My — D2ty —1rQ1 =0, M =0,
Q1 + Eala(Wyyyy + rd1yyyy) — 02 = 0.
At the corner B = (0, 0) the conditions
Wy — Iy = Wyyy — Mgy = 0, 93y =0
hold, at the corner C = (a,0)
Wyy + M1y = Wyyy + Iy =0, 3y =0
hold, while at A = (0,b) and D = (a, b) we have
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Another Example

lp

-+

(52

/

Figure: Plate with a vertical rod.
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Plate with a vertical rod

The energy functional is

E(W, 91, 92,Y, ¢ //Wd8+ / (EA(U)? + D1(¢')?) ds
— Pu(a) — My (a),

(41)

where u(s) is the longitudinal displacement along the rod and v (s) is
the twisting angle. Taking into account the kinematic compatibility
conditions u(0) = w(Xo, Yo), we get a natural boundary condition that
corresponds to the action of a point force at (xo, Yo):

Q1,1+ Q22 + EAU(0) 6(X — X0,y — Yo) = O.

There is no problem with this physically.
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Problems

But if we consider the influence of the drilling moment M, we see that
there is no kinematic compatibility condition relating v, w, and 9.
Correspondingly, the torsion problem for the rod yields the natural
conditions

Dy/(0) =0, Dt¢'(a) =M.

Hence the torsion in the rod does not appear to be affected by
clamping to the plate: the lower end of the rod appears to be free!

Clearly, this strange conclusion must come from physical assumptions
hidden in the model. The Reissner—Mindlin plate theory is derived
under assumptions in which the drilling moment does not enter as a
load.
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Thank you for your attention!!!

Further questions:
ereneyev. vi ctor @nai | . com
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