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Introduction

Statement of the problem

Equilibrium equations

or

and boundary conditions:
kinematic v = 0, v/ = 0 at some points, or
static (natural) M =0,V =0,T = 0, etc.

We are looking for such a value of P = P, that for this value the
corresponding boundary-value problem has non-zero solution and
related v = v.(x).
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Rayleigh quotient

Integral identity

Let us assume that we know a critical force and the related solution.

So we can provide the following procedure.
Let us multiply the equilibrium equation by v(x) and integrate the result

over (0,7). So we get

- _
/ (B () v + (P () v | dx =0,
/| _
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Rayleigh quotient

Integral identity. Continued

Integrating by parts with our homogeneous boundary conditions we

came to
[

/ [E()C)I(J‘c)v”()c)2 — Py (x)z] dx = 0.
0
As P is constant we can extract i1 as follows

l
JEX)I(x) (vV'(x))* dx
p_0

[ (V' (x))? dx

0
This expression is called Rayleigh quotient.
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Rayleigh quotient

Rayleigh quotient

Results:

@ |f we know the buckling mode we can calculate the corresponding
critical force.

@ Rayleigh quotient can be used for numerical calculation of critical
forces and related buckling modes.
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Rayleigh quotient

Rayleigh variational principle

The eigenmodes, i.e. buckling modes, are the stationary points of the
Rayleigh quotient R[v| on kinematically admissible functions v(x), i.e.
satisfying kinematic boundary conditions.

Moreover, the first critical force can be determined through the
minimization of R|v|

For any approximations we have the inequality P, < P,,prx. SO any
P ppr0x QiVES an upper bound.
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Examples
Bounds for a critical force



n[1:= (*variational approcachx)
(*Simply supported beamx)
V=X% (1-Xx)

outl1]= (1 -X) X Ao & é<P v (O) =M (O)
1= vl = D[v, X] . ¢ . v(4) =M (¢)
out[2]= 1 -2 X

nizl= v2 = D[vl, x]

out[3]= — 2

inf4:= P = Integrate[v2~2, {x, 0, 1}] / Integrate[vli~*2, {x, 6, 1}] EI/ 172
12 EI

0 Ut:-{ =

12

n(sl:= (*Exact valuex)
Pexact =Pi"2EI /172
Pexact = N[Pi1~2EI /172]

EI 2
l?_
9.8696 EI

12

n(71:= (*Relative Errorx)
Error = (P - Pexact) / Pexact

out[7]1= ©.215854
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s ot v(0)=M(0) =

€ v(€) = M () =

(*Exact solution with zero errorx)

2= V= Sin[Pi » x]

Sin [ x]

z01= vl = D[v, x]

mCos [mX]

211= v2 = D[vl, x]

-7t* Sin [ x]

221:= P = Integrate[v2~2, {x, @, 1}] / Integrate[vl~2, {x, @, 1}] EI /1”2

ET 72
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t M) =V () =0 e |
~ - () =V () =
nf151:= vl = D[v, X]
57 Out[15]
2 X
n131:= (*variational approachx) ine- v2 =D[vl, x]
(*Cantilever beamx) Out[16]
2
nf14]= v = X2
Out[14]- n171:= P = Integrate[v2"2, {x, 0, 1}] / Integrate[vl"2, {x, 0, 1}]EI/1"2
2 Out[17]=
X 3EI
12

nf1gl= (*Exact valuex)
Pexact =Pi*2/4EI /172

Pexact = N[P1*2/4EI/1"2]
Out[18]
EI ?
412
Out[19]=
2.4674 EI
12

ni2z0l:= (*Relative Errorx)
Error = (P - Pexact) / Pexact

©.215854
10
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n[22]:=

(*variational approachx)

(#*Clamped - simply supported beamx)

v=X"2(1-X)

vl =DJ[v, x]

v2 = D[vl, x]

P = Integrate([v2"2, {x, 6, 1}] / Integrate[vl~*2, {x, 0, 1}]EI /172
(xExact valuex)

Pexact =2.05 *Pi~2EI /1”2

(*Relative Errorsx)

Error = (P - Pexact) / Pexact

(1-X) x°
‘ :Lh -[P ) — '
2 (1-x) Xx-x° I 14 é : ( 2.05 s

2 (1-X)-4X

=
e
|
S
Py
=
e
|
o

30 EI
12

20.2327EI

12

0.482749
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(]

(]
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28:= (*xvariational approachx)
(*xClamped - clamped beamx) ; I" f-ﬂ-—ﬂ-"'P v (0) — vf (U) =0
- ¢ - v(l)=v"(0)=0
nf29]= v =xXx"*2 (1 -x) "2
vli=D[v, x]
v2 = D[vl, x]

P = Integrate[v2*2, {x, 0, 1}] / Integrate[vl~*2, {x, 0, 1}]J EI /172
(*Exact valuex)

Pexact =4 x*P17~2EI /172

(*Relative Errorsx)
Error = N[ (P - Pexact) / Pexact]

(1—}(}2){2
2 {l—szx—z (1-X) x*
2 (1-x)2-8(1-x)x+2x%°

42 EI

0.0638724
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