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Introduction

This paper is aimed to provide an introduction about Morse theory that will be used in the study
of Critical points theory and of Non linear elliptic partial differential equations. During the course
”Equazioni alle derivate parziali non lineari” there were treated the principal abstract results of
the critical points theory and these results were applied in the study of PDEs; known by varia-
tional methods . Here, we will deal with Morse theory as an alternative method to the Variational
methods.Starting by introducing critical groups and Morse disequations, we end up applying Morse
theory on the nonlinear elliptic PDE in which we demonstrate the existence of non trivial solution.



Chapter 1
Preliminaries

Compactness-type Condition
Definition 1.1

Let (X,||.||) be a Banach space and ¢ € C! (X, R) .
(a) ¢ satisfies the Cerami condition at the level ¢ € R ((C).— condition ) if every sequence
{zn}n>1 C X such that

Barn) > ¢ in R and (1+ |l )6 (n) = 0 in X*

admits a strongly convergent subsequence. We say that ¢ satisfies Cerami condition( (C)—condition)
if it satisfies the (C). —condition at every level c € R .

Let X be a Banach space and ¢ € C1(X,R) . Let
Ky={z€X:¢/(z) =0} and K§ ={z € K4 : ¢(z) € C}

denote the critical set of ¢ and the critical set of ¢ with the critical values in C C R , respectively.
e Suppose that H is a Hilbert space with the inner product (.,.). We can define the gradient V of
¢ € C*(H,R), denoted by V¢, via the relation

(Vo(z),y) = (¢'(x),y) for all xz,y € H.

Introduction To Morse Theory

Morse theory has been widely used in the study of multiplicity of solutions for semilinear ellip-
tic boundary value problems, arising in the calculus of variations. It is standard that the solutions
of such a differential problem can be seen as critical points of a suitable smooth energy functional ¢,
defined on a Hilbert space H. The basic idea of Morse theory is that the number of solutions of the
differential problem can be estimated by investigating the variations of the topological structures
of the level sets of ¢ . Therefore it becomes crucial to describe locally the behavior of the energy
functional near its critical points. A way to investigate such a behavior is to evaluate the critical
groups at the isolated critical points.What follows represents a presentation of basic results and
techniques of Morse theory that are useful for studying the multiplicity of solutions of nonlinear
elliptic boundary value problems with variational structures

Critical Groups

Let us introduce the notion of critical groups, which describe the local behavior of a C'—function
on a Banach space X (or, more generally, on a Banach manifold).Critical groups help to distinguish
between different types of critical points and are extremely useful in producing multiple critical
points for a functional. (For the construction of Critical groups see [1, 6.2])



Let Hy(.,.) denotes the k-th singular homology group of a topological pair(see [1,6.1]) .
Definition 1.2 Let X be a Banach space and ¢ € C'(X,R), and x€ X an isolated critical point of
¢. The critical groups of ¢ at x are defined by

Ci(¢,z) = Hx (¢°NU, ¢ NU\{z}) for all k € Ny

where c=¢(x) and U is a neighborhood of x such that Ky N¢*NU = {z}.¢° ={y € X : ¢(y) < c}.
Moreover we set by convention Cy(¢,x) =0 ifk € Z,k < 0.

Remark 1.3

(a)The excision property of the singular homology implies that the preceding definition of critical
groups is independent of the particular choice of the neighborhood U (i.e C(¢,x) is invariant with
respect to U)

(b) The critical groups Ck(¢,x) depend only on the behavior of ¢ near x. In particular, they are
also defined when ¢ is defined only in a neighborhood of x.

We will always compute critical groups on the field R.

Example 1.4

(a) Let X be a Banach space, ¢ € C*(X,R), and x€X a local minimizer of ¢ that is an isolated
critical point. Then we can find a neighborhood U of x such that Ky N U = {z} andc = ¢(z) <
¢(y) for all y € U\{z}. Hence

Ck(¢,x) = Hp({z},0) = Hx({z}) = 0 oR for all k € Ny

withdy ¢ being the Kronecker §—symbol.

(b) Let¢ € C'(X,R) and x be a local maximizer of ¢ that is an isolated critical point. Then
we can find p > 0 small such that Ky N B,(x) = {z} and ¢ = ¢(z) > ¢(y) for all y € B,(z)\{z}.
Thus,

Ck(¢,x) = Hi(By(x), By(x)\{x}) for all k € No.

If dimX is infinte, then both B, (x) and B,(z)\{xz} are contractible,then we get Ci(¢, ) = 0 forall k €
Ny. Now let’s assume that m:=dimX< +oo. Then B,(z)\{z} is homotopy equivalent to the sphere
S so that Ck (¢, 2) = Hi—1(Bym, S™ 1) = 6p.mR for all k € Ny.

In this way, in all cases , we have shown

R ifk=dimX

Cr(p,x) = { 0 otherwise, for all k € N.

e Here, we counsider a Hilbert space H with inner product (.,.)y. Let UC H be an open set
¢ € C?(U,R). For each x € U, " () can be seen as a symmetric bilinear form on H, and there is a
unique L, €L(H) such that

(Lo(y),2)g = ¢"(2)(y, 2) for all y,z € H.

In particular, L, is self-adjoint, so we have the orthogonal decomposition H = kerL, & imL,. We
can identify L, with ¢"(z).



Definition 1.5 Let ¢ € C?(U,R) be as above and x€ U be a critical point of ¢.

(a) The Morse index of x is defined as the supremum of the dimensions of the vector subspaces of
H on which ¢”(x) is negative definite.

(b) We say that x € Kyis nondegenerate if ¢”'(z) isnondegenerate (i.e L, is invertible ) .
Remark By the inverse function theorem, a nondegenerate critical point is always isolated .

The critical groups of a nondegenerate critical point depend only on its Morse index.
Theorem 1.6 If H is a Hilbert space, U C H is open, ¢ € C?(U,R) and x€ K, is non degenerate
with Morse index m(possibly +00), then for k € Ny we have

R ifk=m,
0 otherwise.

Cr(o,z) = {

The critical groups at infinity are useful tools for dealing with Morse relations.They are defined
for functional whose sets of critical values is bounded below.

Definition 1.7 Let ¢ € C'(X,R) be a map such that inf¢(K,) > —oo and satisfying the (C)-
condition. The critical groups of ¢ at infinty are defined by

Ci(¢,00) = Hi(X, ¢%) for all k € Ny
for any a < infe(Ky).
Proposition 1.8Let ¢ € C'(X,R) satisfy the (C)-condition and inf¢(Ky) > —oc.
(a) If a< info(Ky) < supp(Ky) < b then Ci(¢p,00) = Hg(¢?, ¢*) for all ke No.

(b) If K¢ = (,then C (¢, 00) = 0 for all k> 0.
c) If Ky ={zo}, then Ci(¢,00) = Ck(e, xg) for all k > 0.
]

Theorem 1.9 Let ¢ € C1(X,R) satisfy the (C)-condition and admit finitely many critical points.

(a) For all k € Ny we have
> dimCi(¢,x) > dimCi(, 00).

€Ky

(b) Assume that Cy(¢, ) has a finite dimension for all k& € Ny, all x€ K4, and vanishes for all
k € Np large. Then there exists a polynomial Q(t) with non negative integer coefficients such that

> (Y dimCi(g,x)t*) = > dimCi(, o)tk + (1+ £)Q(t).

rcKy k€ENg k€eNg

Proposition 1.10 Let ¢ € C'(X,R) satisfy the (C)-condition and inf¢(K,) > —oo.Assume that
X=Y®V with dimY < 400, ¢|v bounded below,and ¢|y anticoercive [i.e ¢p(y) — —oo as ||y|| —
+o00,y € Y]. Then Cyimy (¢, 00) # 0

(see [1,p.160])



Chapter2
Application

The Morse theory can be refined to localize critical points and solutions, for instance , of non-
linear elliptic boundary value problems.

Let Q ¢ RY is a bounded domain with C2-boundary 91, we consider the following semi-linear

elliptic Dirichlet problem:
—Au(z) = f(z,u) inQ
(D) { u=0 on 0N

driven by the laplacian A : HE(2) — H~1(Q) and involving a Carathéodory function f.

e Let us recall that :
The space HE(Q) is a Hilbert separable space and on which is defined a scalar product as

(u,v) :/Vu.Vvdx
Q

H~Y(Q) is its dual space.

Let {A, }n>1 be the non decreasing sequence of eigenvalues of the negative Laplacian under Dirichlet
boundary conditions(—AP| for short), repeated according to their multiplicities(which is finite) and
{fin}n>1 be an orthogonal basis of H} () made of corresponding eigenfunctions.

We state the precise hypotheses on f and its primitive F(X,s)zfoS Sz, t)dt:

H(f) (i) f: @xR — R is a Caratheodory function with f(x,0)=0 a.e in Q ,f(x,.) € C1(R) for allx €
Q, and there is ¢ > 0 such that

[f(z,s)| <c(l+]s|)for a.a x € Q,alls € R;
(ii) There exist § > 0 and 7 € (1,2) such that for all s € [—4,5]\{0}
TF(z,8) — f(x,8)s > 0 fora.a x € Q and essinfF(x,s) > 0;
(iii) There exists g < App1(m > 1) such that

2F 2F
A, < lim inf M < lim sup @

5 < Oy uniformly for a.a x € €Q;
s—Foo ‘S‘ s—4o0o |S|

(iv) There exist Sy > 0 and p € [1,2) such that

By < limsup 25 (®:9) — f(z,5)s

S uniformly for a.a x € .
s—+oo S

Under the Hypothesis H(f)(i), we can define the energy functional ¢ : H(€2) — R for the problem
(D),given by

o(u) = %HVUHQ - /QF(x,u)dx for all u € Hy(Q).



Evidently, ¢ € C?(H}(Q),R) and
¢'(u) = —Au — Ny (u) for all u € H (), (1)
where Ny(u)(.) = f(.,u(.)) € L3(Q) for all u € HF(Q).Ny is the Nemytskii operator.
proposition 2.1 If hypotheses H(f)(i),(iv) hold, then the functional ¢ satisfies the (C)-condition.
proof. Let {u,}n,>1 C H} () be a sequence such that
|p(un)| < My for all n > 1, (1.1)
for some M; > 0, and
(1 + [|Vun||2)¢ (un) — 0 in HH(Q) as n — oco. (1.2)

Let us prove that
{t Y n>1 is bounded in Hy(S). (1.3)

From (1.2)and (1), then for all n> 1, all h € H}(Q), we have

enl|Vh|l2

(& (un), h)| < |{(—Aup, h) —/Qf(x,un)hda:| < = ||Vun||2’with €n — 0. (1.4)

Let us choose h=u,, in (1.4), we obtain

€nl| Va2

——— <, foralln>1. (1.5
T+ [Vaalls = (15)

[t a)= [ ununda] = [V 3= [ Fow)unde] <
On the other hand , (1.1) and the definition of ¢ yield
—||Vun||3 + /Q 2F (z,up)dx < 2My for alln >1. (1.6)
Adding up (1.6) and (1.5), we will get
/{2(2F(zv,un) — f(z,up)up)de < My for alln>1, (1.7)

for some M5 > 0.By H(f)(iv), we can find S € (0, 8y) and M3 = M3(31) > 0 with
0 < Bi|s|t <2F(x,s) — f(x,s)s for a.a x € Q,all|ls| > Mz. (1.8)

In view of the hypothesis H(f)(i), from (1.8) it follows that for all |s| > M,

|s] [s|
2F (2,8) — f(z,8)s > [ fla,t)dt —c(|s] +|s]?) > —2 / c(1 + [t)dt — c(|s] +[s]?)
0 0
|s]?

> —2¢(|s| + 7) —c(|s| +|s]*) > =My, with My >0

then we have By|s|t — My < 2F(z,s) — f(z,s)s for a.a. x € Q, all s € R. (1.9)



Using (1.9)and(1.7), we infer that
{tn}n>1 is bounded in L*(2). (1.10)

Since 1 < p < 2 < 2* [by H(f)(iv)], fixing r € (2,2*), there is t €[0,1) such that 1 = %—l—% From
the interpolation inequality (see [2]) we have

llnll2 < [Junll, " ually for all n > 1.

For that fact that exist a continuous and compact immersion from Hg(Q) to L¥(Q2) for all v € [1,2%)
and (1.10), this ensures that

[[unl|3 < Ms||Vu,||3t for all n > 1, (1.11)
for some M5 > 0. Returning to (1.5) and using (1.11) and hypothesis H(f)(i), we derive that
Va3 < er(1+ [[Vunl3) for all n > 1,

with ¢; > 0. Since ¢ € [0, 1), this proves (1.3).
Because of (1.3),along a relabeled subsequence , we have

Uy, — win HY(Q) and u, — uin L*(Q) as n — co. (1.12)

In (1.4) we choose h = u, — u and pass to the limit as n — oo through (1.12).Then we obtain
liIJIrl (— Ay, up — uy = 0.(1.13)
n—-+oo

tn — tn||* = (Un — Uy U — 1) = (Up, Uy — 1) — (U, up, — u) — 0, through(1.12)and(1.13).

Then it follows that u,, — u in HE (), which completes the proof.

Theorem 2.2 Assume that H(f) holds. Then problem (D) admits at least one nontrivial solu-
tion ug € C¢(9).
Proof. We know that the solutions of (D) coincide with the critical points of the C? — functional ¢
and of all them belong to C(Q).
Thus, it suffices to show that ¢ admits at least one nontrivial critical point.To do this, we may as-
sume that ¢ has only a finite number of critical points. We know that ¢ satisfies the (C)-condition,
and we have by [theorem 11.42 ,[1]], 0 being an isolated critical point of ¢ by H¢(i)(f(x,0)=0 a.e in
Q)

Cr(¢,0) =0 for all k>0. (2.1)
As in [theorem 9.4 ,[1]], let us consider {\,},>1and {t,}n>1 as they are defined before,and we
consider the decomposition Hi(Q) = H,, ® H;5,where

H,, = span{t, :1<n<m} and H- = span{i, : n > m+1}.

Claim 1: ¢|g,, is anticoercive, i.e ¢p(u) = —o0 as |[|Vulla = 400, u € H,y,.
By (1.8) we see that

i(F(a:, s)
ds
for a.a x € Q, all s > Mj.Integrating, we have

F(x,s) F(x,t) <
52 2 T 2—pu

4 P(x,s)s? —2sF(z, s x,8)s —2F(x, s
) B2 20F00) _ fos =2 (@0) g o

52

B 1 1
(o=~ )
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for a.a x € Q, all s >t > Mjs. Letting s— +o00, since p < 2 and using hypothesis H(f)(iii), we have
that

lim inf F(z,s) > Am
s—+o0 S 2
F Am
then for all s >> M3, @ > —
s 2
A t 1
and thus we obtain — + f(@,t) < - b
2 12 2 — pt2—m

by repeating the same steps for the case of limsup and combing the results we finally obtain

Am
[t = F (1) < f%w for a.a. x € Q, all |t| > Ms.
I

Combinig it with H(f)(i), it follows that

)\m 2 61
Z42 — F(x,t) < By — ———|t|"
P = Flet) < B2 — 5

for a.a. x € Q,all t € R, for someBs > 0. By [Proposition 9.9,[1]], each u € H,, satisfies ||Vu||3 <
Am||u||3,whence
A

2—p

Am
p(u) < /Q(7|UI2 — F(z,u))de < — [lullf; + 5212 n

for all u € H,,. This yields that ¢(u) — —oo as ||ul|, — +oo,u € H,,.Since all the norms are
equivalent in H,,(which is finite dimensional), we conclude that Clam1 holds true.

Claim 2: ¢|g. is bounded below.

m

By H(f)(i),(ii1), we can find 01 € (0p, Appt1) and 63 > 0 such that
0
F(x,s) <6y + §1|s|2 fora.ax e, all seR.
Since each u € H;: satisfies ||Vul|3 > A\ni1||ul|2 (By proposition 9.9,[1]), we get

Ami1—0
d(u) > %Hung — 05|Q|n for all u e Hx.

Knowing that A,,+1 > 61, this yields Claim 2.

Claim 1 and 2 alllow us to apply proposition (1.10), which yields C,, (¢, 00) # 0.
Then by Theorem (1.9) (a) implies that ¢ admits a critical point ug € Hg (2) such that C,, (¢, uo) #
0

In fact,let us suppose by contradiction that K, = {0}, then by Morse Inequalities we have
dimC(9,0) > dimCy(¢,00) for all k>0

for k=m = 0> dimC,,(¢,0) # 0, contradiction

Comparing the fact that Cy, (4, ug) # 0 with (2.1), we deduce that wug is non trivial. Then the proof
of this theorem is completed.
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