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https://www.youtube.com/watch?v=XVJrcizcdwE
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S https://shellbuckling.com/
- https://www.youtube.com/watch?v=y5VRww1Ypwk

https://orilab.art/natural/yoshimura




r =Rcos¢pi+Rsingj+zk,
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r =Rcos¢i+Rsingj+ zk,

0t~
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or Rsinoi+ R 5] or
ai = — = —Rsin¢1i CoSo], a=— =Kk,
1 O J 2 o
{ a, xXn | . 2 nxa
a — = ——(SIn @1 — cosS : a- = =k,
a;-(axXn) R( ¢ 2 a;-(a;xXn)
a; X ap . C
n= = Ccos@pl1+sing] .

|la; X a;|
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Selected theoretical models used in stability analysis:
@ Flugge (1932)

Donnell (1933)

Mushtari-Galimov (1957)

Sanders (1963)

Koiter (1967)

Budiansky (1978)

Stumpf (1984)

Pietraszkiewicz (1984)
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Membrane prebuckling state

membrane prebuck

Uo (¢, X) = —2ep(1 -

Axial compressive force component N = —22 generates
Ing state
- 3ep)x ) 2
€p) N = — 2p
€

VO(¢7 X) =0

wo(, X) = 2evp[1 + (2 — v)ep]

e’ = h*/[12(1 — v*)R?]




Nll — %N¢(¢a x) s N% — %Nx(qba -x) > N12 — R2N21 — %Nx¢(¢a x) )

My = EMy(¢,x), M; =M, x), M;=RM,=DMy,x),

Ny=0(1), Ny=01), N.=-2+0(),
qu — 0(6) ’ Mx¢ — 0(6) ’ Mx — 0(6) ’

Opoka, S. and Pietraszkiewicz, W., 2009. On refined analysis of bifurcation
buckling for the axially compressed circular cylinder. International Journal of
Solids and Structures, 46(17), pp.3111-3123.
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Bifurcation buckling: Linear stability equations ana

homogeneous work-conjugate boundary conditions

Aw=+ AW+ AU+ AV +Asv+Agw = 0
By (W™ +vw")+ Bou"+ Bsu+ By [(1+v) v +2vw'] = 0

C'I (Wl/// —|—2W”" _I_ W) _I_ Cz(U/" L VU,”) _|_ C3 V/l.
+ Cyqv+Cs w' + CeW™ + CrU + Csv'+Cow =0

di = Dyw"+Dou' +D3(v'+w) =0 or u=20
o = Eyw"+Esur+E3v =0 or v=20
ds = [HW"+2—-v)W"]+Fo(u"+vU”)+ v +Faw' =0 or w=0
dy = G (W' +vw=)+Gov+ Gl +Gaw =0 or w =0

atx =+l = £g5, where 3¢ = (), 53 = ()
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A =4€X(1 —VA)[1 — €2 = 5v)p — €(T + 2v)p*] + O(€) ,

A, = 4e*(1 = V)1 —e(2 — 4y — Vz)p — 26 +v+ 2V2)p2] + 0(e) ,
Ay = —(1 +v)[1 = 2e(2 = 3v)p — 2€*(4 + 6v — 3vH)p?] + O(€) ,

Ay = —(1 = {1 — €6 — 4v)p + 2€[2(1 —v*) — B + 8v)p*]} + O(€) ,
As = =2{1 = 2€(1 — 4v)p + 2€*[2(1 —v*) — (3 = 8V )p*]} + O(€)
Ag = —2{1 = 2e(1 —4v)p + 2€*[1 —v* = (B = &V*)p*]} + O(€) ,

B, =41 —vH)plv — e(1 + 2v)p] + O(€") ,

B, = =2[1 = 2e(5 —v—v*)p + 262 (2 — 8v — 3v* + 2°)]p*] + O(€) ,
By = —(1 —=v)[1 = 2e(4 —v)p — 2€*v(6 + v)p*] + O(€’) ,

By =—1+€(6—4v)p+ 23 + 8v)p* + O(€) ,

C, = =2*(1 = vH[1 — €6 — 4v)p — 2€*(3 + 8v)p*] + O(€) ,

Cy, =481 —v)p[v — (1 + 4v — 2v%)p] + O(€%) ,

Cs = 4€*(1 —vA)[1 — €[6 — dv —v*]p — €56 + 1Ty + 6V*)p*] + O(€) ,
Cy = 4€*(1 —vA)[1 — €(6 — 5v)p — €5(7 + 22v)p*] + O(€) ,
Cs = —4e(1 —v)[p — e(v + 4(1 —v)pH)] + O(€’) ,

Co = 4€°(1 —vH) + O(€Y) ,

C; = =2v[1 —2e(4 — 3v)p — 6€°(6 — v)vp*] + O(€) ,

Cs = —2[1 —2e(3 —4v)p + 2€*(1 —v* — (3 + 16v — 8v*)pH)] + O(€) ,
Co = —-2[1 —2e(3 —4v)p + €(1 —v* =233 + 16v — 8V*)pH)] + O(€) ,
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D, = —4ev(1 —vH)p[v — e(1 + 2v)p] + O(€) ,

D, =2[1-2e(5-v—=v)p+2€*(2 -8y —3v* +2v°)p°] + O(e) ,

D; =2v[1 — (6 — 4v)p — 2€*(3 + 8v)p*] + O(€) ,

E, =41 = v)[1 —v—€(2 = 6v +3v*)p — (6 = 5v + 2v°)p*] + O(€) ,
E;=—(1=v)[1-=2e2-3v)p =24+ 6v—3v)p*] + O(€) ,
E;=—(1-v)[1—-€6-4v)p + (4 — 47 —6p* — 16vp?)] + O(€) ,
Fi = -2 = vH)[1 — €(6 — 4v)p — 2€*(3 + 8v)p*] + O(€) ,

Fy =4€(1 —v)plv — e(1 + 4v —2v)p] + O(€) ,

Fy=4e*(1 =v)[1 —e(6 —4v —v)p — €66 + 1Tv + 6v°)p*] + O(€) ,
Fy=-2e(1 —vH)[20 — (v + 8(1 — v)pH)] + O(€) ,

G =-1+2e(l —v)po+ 26(3 + 1/2),o2 + 0(€e)

G, = 2v[1 — €(3 — 2v)p — €°(9 + 2v + 2v*)p*] + O(€’) ,

G; =2evp[l +2v + €(3 + 4v)p] + O(€) ,

Gy =v[l —2e(2 —v)p —2€*(6 + 2v + v*)p*] + O(€) .
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Solution method

@ Solutions of the stability equations

u(¢, x) = UeP* cos(no) V = V(v, e n,p;pj, U)
v(¢, x) = VeP* sin(ng) = W= W(,en,p; pjU)
w(op, x) = WeP* cos(ng) p, - roots of characteristic eq.

© Substitution of solutions into boundary conditions

Solutions exist if

Det]...]|=0 = f(v,e,np,p;,[)=0 = p=peit
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1—e(6—8v)p+€X[1-2=2(3+ 16v—81?)p?] G

x+7Z ,
vI1-2€ep(4—-3v+3e(6—Vv)vp)]

u(g,x) = ) Uel" cos(ng)-
J

(g, x) = Z V(v,e,n,p; pj, Uj)e’’” sin(ng) ,
J

W(g,x) = > W(v.e.n,p: pj, Ujer™ cos(ng)+S .
J

where non-zero A;’s are named S and Z, respectively.

axially compressed Euler column with simply-supported  (clamped) boundaries

2 2 A clamped column
P = T62¢ (p — A2 ), B simply-supported column

B A
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Nomenclature for boundary conditions

C—family and S—family

Ci(S1): u=0 v=0 w=0 w =0(dy=0)
C2(S2): di=0 v=0 w=0 w =0(ds=0)
C3(S3): u=0 =0 w=0 w =0(ds=0)
C4(S4): di=0 =0 w=0 w =0(ds=0)
C5(S5): u=0 v=0 dz=0 w =0(dy=0)
C6(S6): di=0 v=0 d3=0 w =0(ds=0)
C7(S7): u=0 0>=0 dz=0 w =0(dy=0)
C8(S8): di=0 a>= ds=0 w =0(ds =0)

Classical cases:
C1: clamped BC
S2: simply-supported BC
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SIMPLIFIED VERSION (Timoshenko)

d‘w

d*w
+ Ns dxz + Eh

mexr

T

w = —A gin ——
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Influence of different approximations in the derivation

of the stability problem

Even (energetically) small terms influence p.i;

0

1.0 4\ e oS —

™

Al
0.4
4
A
0.2 v=0.3, £=0.01 A
A clamped column
|| simply-supported column
| T T [ TTIT] |
0.1 0.2 0.5 1 2 5 10 20 50 I
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Comparison with results obtained from Fllgge

equations

For all curves we noted good overall agreement
but short cylinders with bc S4 or C4 behave differently

] = L 7
YR 1.0 Saetenets Lot oo

v’ % ._*,_.o.. S

(3 .. .‘o"

0.8 | o h PLA}
s | |=1CA4 \ A
b|4F C4aC4F >t.'| a.:..'.
0.6 W . *

0.2 // v=0.3, £=0.01
A clamped column
B simply-supported column

| | [ T [ T TTT] I
0.1 0.2 0.5 1 2 5 10 20 50 l

Similar result for S4 case: Simmonds and Danielson (1970)



if [ < 0.1 then the cvlinder 1s regarded as short

the practical cylinder lengths (PCL) cover the interval [ € (0.1, 20)

long cylinders [ > 20.

experimental cylinder lengths (ECL) when [ € (0.2, 5).
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Relaxation of geometric boundary conditions as a

factor for decreasing the buckling load

The exchange of ford; =0: S1 — 82, §5 — S6
0
1.0 ] |
TN . 51
/\
. A y

O
N
N—=||l=<=—WU
{

6 JHL!

0.2 / =03, 2=0.01 \
/ A clamped colllfmn l

A
B simply-supported column \.’

| | L T ITT] |
0.1 0.2 0.5 1 2 5 10 20 50 I

Small influence in range of ECL



Relaxation of geometric boundary conditions as a

factor for decreasing the buckling load

The exchange of fordo = 0: S1 — S3, 52 — 54
0
1.0 | SSSSSsE {
\ e
0.8 \
\s\ - A < 31
- bﬁ S |
| V
—
N~ uE:
/-E: 84 *
/ 547
0.2 v=0.3, £=0.01 \
/ A clamped column h
B simply-supported column \.F
| [ [ [ [[IT] | I
0.1 0.2 0.5 1 2 5 10 20 50

Fall down to one half of the classical value Onhira (1961)



Relaxation of geometric boundary conditions as a

factor for decreasing the buckling load

The exchange of for d; = 0: S1 — S5, S2 — S6
P
1.0 [ [ [ | T 17 I[ [ ]I {
| A
0.8 _
= 5]
. R
| V
"’&—\
4'\ \ A
/ ! I
0.2 v=0.3, 2-0.01 \
/ A clamped colfmn i
|| simply-supported column H
| [ | /
0.1 0.2 0.5 1 2 5 10 20 50

Fall down to one half of the classical value in range of ECL



Relaxation of geometric boundary conditions as a

factor for decreasing the buckling load

The exchange of ford, = 0: C3 — S3
0
1.0 .
\ |
0.8 \ €3

‘ |
L Y
0.2 v=0.3, £=0.01

A clamped column
|| simply-supported column

[ I [ T [ T TTT] [
0.1 0.2 0.5 1 2 5 10 20 50 I

Fall down to one half of the classical value in range of ECL



Behaviour of long cylinder as Euler column

Long cylinder behaves as clamped Euler column
iff u=v =0o0ru= w =0 (the constraint u = 0 is not sufficient)

0
1.0 |
e cr | |
0.6
NS /lb
// 57 ‘!ill
0.2 v=0.3, 2=0.01 \
/ A clamped colﬁmn i
B simply-supported column i’
| T T T 11T |

0.1 0.2 0.5 1 2 5 10 20 50
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The influence of suppresion of rotations at the

boundary

@ Cylinders with clamped BCs

P
-experimental cylinder lengths . |/ Vans t\;( AT
/ AR
(ECL) 0.6l /A

/ ECL
0.4 ] \\ \\
0.2 // §§\

0.1 0.2 0:5 i é é 10 20 50 I

@ Cylinders with simply-supported BCs

P
1.0 S 1T

T AL TTS
0 \ \ /A \\\
0.6 \ ECL /AN
i/ \ I\
0.2/ \\

0.1 0.2 0.5 1 2 5 10 20 50
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Finite elements
analysis

Buckling e postouckling



Hinged laminated cylindrical panels under
point load
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- Central deflection for the cross ply laminate panel A (h=12.6 mm)

4.0 :
LERTS6
35 == m= = MRT5 | Ply lay-up [90/0/90]
E E EEEEN HHI{E f f
3.0 + & Saigal et. al.
o Laschet & Jeusette /
z 2.5 &+ Brank et.al. 7
— O Sze et al. )J
@ ED b Fi
i, —fal=te=Aal- 7|
E 1.5 = 1 : .
: 7

3 b A - |

1.0 x = W — A

0.5 -

0.0 8 . " Ply lay-up [0/90/0]

-0.5

0.0 5.0 10.0 15.0 200 250 30.0 350
Central displacement [mm]
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Central deflection for the cross ply [0/90/0] laminate panel B
(h=6.3 mm)

1.0
| | |

LRT56 /+
0.8 —— 1

------- RVKS
0.6 +— <O Brank et al. [79]
== Sze et al. [455]
g 0.4
5
T 0.2
0.0
0.2
-0.4
0 S 10 15 20 25 30 35

Central displacement [mm]
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. Central deflection for the laminate panel C (h=3.15 mm)

S I —
LRT56 f
------- RVKS
= 0.1
=3
.
S
©
= //
S 0.0-
| Ply lay-out [0/90/0]
0.1
0 5 10 15 20 25 30 35

Centra displacement [mm]
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Central deflection for the laminate panel C (h=3.15 mm)

0.30 | |

0.25 LRT56 /

020 H======= RVKS

0.15

0.10

0.05

Central force [kN]

0.00

-0.05

-0.10 — Ply lay-up [90/0/90]

0.15

0 5 10 15 20 25 30 35
Central displacement [mm]
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~ Axial compression of composite cylindrical panel

= ]

compression load

v
2 " -

N%
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4d-node U-node 1 6-node

Lagrange fanuly of shell elements: a) linear: b) quadratic: ¢) cubic interpolation

aj : b) : i c) j
d-node S-node [ 2-node

Serendipity family of shell elements: a) linear: b) quadratic: ¢) cubic interpolation
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Model

Mesh

Critical load [kN]

[Linear Inecremental
buckling analysis

model 1 10x8 - 138.9

LRTS56 16x8 - 137.8

8-UURI elements 2016 - 137.7

model 2 10=8 - 143.5

LERTS6 16=8 - 143.3

8-URI elements 2016 - 140.9

S-node elements 210 ) 1432
Jun & Hong

16-node elements 810 143.9 137.8

Laschet & Jeusette 1218 140 3 )
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4x12 145.6 -
4x16 142.2 -
4-node elements 4570 140.8 i
Wagner
440 140.0 -
4% 80 139.6 -
4-node elements
2 . -
Brank & Carrera 32732 150
MSC Nastran QUADA4 2020 44.56 144.35
elements 4040 141.56 142.34
Krej '] 80x80 140.34 140.38
Snell & Morley Experument 134
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UNICA

Axial loading [kN]

160

120

80

40

0 4

model 1
model 2

LRTS56, 20x16 8-URI

Laschet & Jeusette

|
0.8

Axial displacement, u [mm]
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UNICA

Axial loading [kN]

160

120

80

40

stage |l
- Stage ” ;".'"‘*\
1 \
| Ll\ O - _
_ \. stage |V
H"ﬁ.
| ‘“-.h_
stage | T~
—————— model 7| RTs6, 20x16 8-URI |
model 2
T | ! | | |
2 0 g X °

Central transverse deflection, w [mm]
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de (MSC Nastran 80X80 QUAD4 elements,

ing mo

The first buckl

= 140.34 kN)

Pcr
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136.60 kN

(MSC Nastran 80x80 QUAD4 elements)

Pre-buckling deformation at P

VIINN
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Imperfection sensitivity of the layered panel
buckling

160
120 =0.001
E. . =D.DDE
4 7 >
E 80 - ,.,-l-"'"#i- —D[HD
o
2
40
0
-4 0 4 8 12

Central transverse deflection, w [mm]
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Buckling of composite cylindrical panels with square cut-outs

hu | |Hu+l*ﬂ #Huulllw’lj Au;;l*%uun

Vi u Y

Case | Case || Case |||
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Linear buckling modes obtained for Case | with model 24X40
QUAD4 elements

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

P..=24.43 kN P..=27.99 kN P..=28.47 kN P..=29.31 kN P..=36.91 kN
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E] G

Mastran:
buckling mode 5
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> 552 WOINN
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buckl

L

d for Case Il with 37X76

ine

des obta

ing mo

inear

1HVIOVD 10
anis no3a
VLISHIAIND

QUAD4 elements

VIINN

e "W

i

"

135

b

T

| T 522

e

et

s
-
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thit

Mode 2 Mode 3 Mode 4 Mode 5

Mode 1

34.50 kN

P_=

27.69 kN

P_=

.53 kN

P_=

26.10 kN

Pd

21.95 kN

P_=
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Height coordinate [mm]

Radial deflection [mm]

-5 0 5 10 15 Nastran:
buckling mode 1
0
, D
_ \;‘ A =
X,
>,
127 *
X,
m‘-t
- % )
m E
%
254 |
;,r 0 C
i ¥
e
P
381 .
f:# LRTS6 results:
’; —_— - edge AB
| ;s || |- edge DC
central line EF

508
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Axial load [kN]

40

30

20

10

i
~~71\ |
“ | casel
\
<~ - |
2 . casell
,.ll" s
- o
-
_ case |l
-
#' ’—\
-
-~
”

= = = = = Chaplin & Palazotto [106]

0.2

LRT56
| |
| ! |
0.4 0.6
Axial displacement [mm]
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