Chapter 2

Rectangular Plates

§2.1 Introduction

This chapter focuses on rectangular plates, which are common struc-
tural elements in the floors, roofs, and walls of buildings and vehicles. For
the analysis of rectangular plates, a natural reference coordinate system is
a Cartesian coordinate system, as depicted in Fig. 2-1.
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Figure 2-1. Rectangular plate and Cartesian coordinate sys-
tem.

The analyses presented in this chapter utilize the governing equations
for plate behavior which were derived in Chapter 1. For notational sim-
plicity, subscripts 0 and superscripts 0 which denote that a quantity is
evaluated at the plate midplane are henceforth omitted. Thus wo and €9,
are represented by w and e,,, with the understanding that the midplane
displacement or strain is referred to, unless stated otherwise.
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2.2 Simply-Supported Rectangular Plates under Transverse Load 49

§2.2 Navier’s Soluticn for Simply-Supported Rectangular Plates
under Transverse Load

Consider a rectangular plate which is simply supported along all four
edges, and is subjected to some distribution of transverse load p; = p(z,y).
For a plate with length a and width b as shown in Fig. 2-1, the load and
displacement can be represented in terms of the Fourier series expansions

. oo [> o]
p(l‘, y) = Z men sin o sin % (21a)
m=1n=1 a
N — mnT nmy
i = m 1 in — 21b
w(z,y) Z Zw n sin —— sin — (2.1b)
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The form (2.1b) for w satisfies the simply-supported boundary conditions
for plate bending, which are

Alongz =0and z =a: {wM::O 0 (2.2qa)
Alongy=0and y =b: { wMz_() 0 (2.2b)
v =

Because the plate is loaded just by transverse external forces, only the
plate bending response, governed by Eq. (1.46), need be considered. In this
case, Eq. (1.46) can be wntten

9w Jtw dtw p

9 — = 2.
dzt +H6123y2 + oy* D 0 (2:3)

Substitution of the expansions (2.1) into Eq. (2.3) yields

$ 5 o [(22) () (5) + (5) ]

m=1n=1
Pmn| . MET , NTY
— sin 0

sin =
D

a b

Fach term in the series (2.4) must vanish independently; hence it fol-
lows that

Wmn = Pmn (2.3)
Di(mn/a)? + (nm/b)*]*
If the Fourier coefficients pmyn of the load are known, then Eq. (2.5) can be
used to obtain the Fourier coefficients wmn in the expansion (2.1b), and the
normal displacement w(z,y) is determined.{

1 The double Fourier series solution for the simply-supported rectangular plate
under transverse load was presented to the French Academy of Sciences by Navier

in 1820.
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2. Rectangular Plates 50

For a given transverse load distribution p{z, y), the Fourier coefficients
pmn in Eq. (2.1a) are obtained by taking advantage of the orthogonality
relation

¢ !
. nwr ., N'AI 4
/(; sin ——sin—— = 3 Sant (2.6)
where
1 ifn=n'
ban' = {0 ifn#n 27)

is the Kronecker delta.
Multiplying Eq. (2.1a) by sin ™% sin 25 and integrating over the
area of the plate yields

b a ] !
//sinmnz sinnﬁyp(r,y)dxdy
o Jo a b
= bre  mizr . nlny . mwz | nmy
= Zmen sin sin sin sin dz dy
o Jo a b a b
= mn —6mm’ —51111’
33t (e ) (5600

= mlnl—' 2.8
Pmin' (2.8)

from which it follows that

4 b ra :
Pmn = —/ / sin o= sin — p(z,y) dz dy (2.9)
ab Jo Jo b

a

where the relation (2.6) is employed in order to evaluate the integrals on
the right hand side of Eq. (2.8).

Example 2.1: Simply-Supported Rectangular Plate under Uniform Trans-
verse Load

Consider a rectangular plate with four simply-supported edges, sub-
jected to a uniform transverse load p(z,y) = po (see Fig. 2-1). Equation
(2.9) provides the Fourier coefficients of the load:

4 b a -

Pmn = —&/ / sin s sinwd:cdy
ab Jo Jo a b
4po

= =5 (1 — cosmn) (1 — cosnm) (a)
= - Y- )
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The coefficients ppy, given by (a) vanish for even values of m or n; thus the
series expansion (2.1a) for the load can be written

M max Tmax

16pp . mwmz ., nmy m=13,...
Kz,y) = Z Z 2 sm s =y {n=1,3,... (6)

L= = m?mn a
which is a truncated version of the infinite series (2.1a), with mp.x and
Nmax 2S the upper limits of m and n.

Equation (b) is the Fourier series representation of a uniform load py.
The nature of this representation is illustrated by Fig. 2-2, which depicts
the load distribution p(z,b/2) given by the series (b). As the number of
terms in the series is increased, the sine terms add in such a manner as
to approximate the uniform load distribution p/py = 1 (see Fig. 2-2). The
series (b) must always give p = 0 at the plate boundary, however, because
the sine functions vanish on the boundary.
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Figure 2-2. Fourier series representation of thewiniform load
along the line y = b/2. Values obtained from Eq. (), with
1, 9, and 81 terms in the series, corresponding to Mmpmax =
Nmax = 1, 9, and 17. :

From (a) and Eq. (2.5), the coeficients wpnn are readily obtained, and
the normal displacement w, given by Eq. (2.1b), is

Mmax Bmax

_ 16py sin(mnz/a)sin(nry/b) m=1,3,...
w(z,y) = ) Z Z mn[(m/a)? + (n/b)?]? {n =13,... (c)

m=]1 n=1

For the case of a square plate (a = b in Fig. 2-1), the displacement w at
the center of the plate (z = a/2, y = a/2) is given in Table 2-1. The series
(c) converges quite rapidly, and with four terms (Mmmax = Nmax = 3), yields

ks (@)

w(a/2,a/2) = 0.00406 Fa)
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2. Rectangular Plates 59

Table 2-1. Convergence of Navier’s solution for the maxi-
mum displacement w, maximum bending moment M, corner
force F,, and maximum transverse edge shear V, for a simply-
supported square plate under uniform doad py (v = 0.3).

No. of Terms wD/(poa®) M:/(poa®) F./(poa?) V:/(poa)

1 0.00416  0.0534 0.0575 0.348
4 0.00406 0.0469 0.0628 0.363
9 0.00406 0.0482 0.0640 0.391
oo 0.00406 0.0479 0.0650 0.420

Table 2-1 also lists the walues for the maximum bending moment
M.(a/2,a/2), the corner force F,(0,0), and the maximum transverse edge
shear V;(0,a/2). Series expansions for these quantities are obtained by
substituting the expansion (¢} into the relations

Fw 8%
A{I = -D (Fj?— + V'é;/';) (6)
A*w
= -9 _ —_—
F, 2Mgy 2D(1—v) 5203 (N
i Fw Fw
1/1 - _D[QIB + (2 - l/) a$6y2] (g)

which follow respectively from Egs. (1.80), (1.62), and (1.82).

Note that the values for M., F,, and V; in Table 2-1 converge more
slowly than the displacement w. This is due to the fact that derivatives
of the trigonometric series (c) converge more slowly than (c¢), because each
differentiation brings an extra factor of m or n into the numerator of each
term. The transverse shear given by Eq. (g), which involves three deriva-
tives of the series (c), exhibits the slowest canvergence in Table 2-1.

The maximum bending stresses in the plate occurat the center, on the
surfaces z = #1/2. From Eq. (1.25) and Table 2-1,

.6~Mmax 2
oI = E—f— = 029 p‘;f (k)

Note, however, that due to the corner forces the corners will be regions of
significant stress concentration. Interestingly, the four corner forces act in
the same direction as the applied load, and contribute a combined reaction

force which is approximately equel to one-quarter of the total applied load

poa2.

§2.3 Lévy’s Solution for Rectangular Plates:under Transverse
Load :

The example of the previous section showed that a double Fourier series
representation for the normal displacement w leads to series expansions

Do



9.3 Lévy's Solution for Rectangular Plates under Transverse Load 53

for the moment and shear resultants which converge relatively slowly. An
alternative approach, commonly referred to as “Lévy’s solution,” is the
single Fourier series

b mmnzT
S fly) sin—
m=1

w(z,y) = - or (2.10a,b)
mnz
> gm(y) cos —
m=0

where fm(y) and gm(y) are unknown functions.t

Whereas Navier’s solution (2.1b) is applicable only to problems in
which all four edges are simply supported, Lévy’s solution (2.10) may be
applied to problems in which arbitrary boundary conditions are specified
along the two edges y = 0 and y = b (see Fig. 2-1). Along the two edges
r = 0 and £ = a, however, the boundary conditions which can be satisfied
by (2.10) depend upon the form which is assumed for the series in z.}

We will consider the sine series (2.10a), which corresponds to simply-
supported edges at T = 0,a. The transverse load p(z,y) can also be written
in terms of a Fourier sine series in z:

o
. mmz
p(z,y) = Y Pm(y)sin— (2.11)
m=1
where, by the orthogonality relation (2.6), the coefficients pm are
2 % . mmz
Pm = — [ sin plz,y)dz (2.12)
a Jo a

Substitution of the expansions (2.10a) and (2.11) into Eq. (2.3) yields

2 (d¥fm ma \* d* fm ma\*
5[t a(m) G () 1

m=1

(2.13)

t Although the form (2.10) is frequently attributed to M. Lévy, Timoshenko
and Goodier (1970) point out (p. 53) that the earliest thorough discussion of
single Fourier series solutions for rectangular plates appears to be the one by E.
Mathieu (1890). L B

I More general boundary conditions can be handled by superposing several
Lévy solutions of the form (2.10). The case of completely free edges is discussed

by Hagedorn, Kelkel, and Wallaschek (1986).
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2. Rectangular Plates 54

from which is obtained the set of independent ordinary differential equations

d* frm ma \° & fm mr\* _ Pm
() e

The solution to (2.14) can be expressed in terms of particular and

complementary parts
fu = FP 4 £ (2.15)

where f,(r'.: ) is the solution to the homogeneous equation

d* fm mr \° d® fm mr\* _
dy* _2<a> dy? +<a>f'"—0 (2.18)

and is given by
fy(nC) — Al'nemﬂy/a+B:ne~mwy/a+y(c:nemﬂy/a+D:71€—mry/a) (217)
or equivalently,

fl9) = A, cosh Tty

mry

+ B,y sinh
a a
: (2.18)
+Cm sinhw-i-Dmy cosh mry :
a

in which A,,, Bm. Cmm. and Dy, (and primed counterparts) are undeter-
mined constants.

The form of the particular solution f,(np) depends on the function pm(y)
in Eq. (2.14). For the cases of constant, linear, or exponential variation of
pm with y, the particular solutions are

A a 4
A (%)
A 4
pm =< Ay 5 P = ¢ 2GE) (2.19)
AeV
Ae®¥ D[a*—?a’(m1§/a)7+(mn/a)‘]

in which 4 and a are constant for a given value of m.

Example 2.2: Simply-Supported Rectangular Plate under Uniform Trans-
verse Load

Consider the problem of the previous example: a simply-supported rec-
tangular plate subjected to a uniform transverse load p(z,y) = po. Due to
the problem’s symmetry, the Lévy solution is more conveniently obtained
in terms of the coordinate system shown in Fig. 2-3. The series represen-
tations for the displacement w and the load p are

Mmax M max
. mmT . mnz
w= 2 fm sin — p= Z Pm sin — (a)
m=1.3,... m=1,3,...
where, from Eq. (2.12),
2 ¢ mnmz 4
Pm = 20 | sin dr = 2 (b)
a Jo a mn

o
=1
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Figure 2-3. Rectangular plate and coordinate system for
Example 2.2.

From Egs. (2.18) and (2.19),

f,‘,f) = A, coshm + Bny sinhw
a a

4p0a4 (C)

(r _—
fa = Dmbxs

In the preceding expression for f,(,f), only the terms of Eq. (2.18) which
are symmetric about the z axis are retained. The displacement w, from
Egs. (a), (¢), and (2.15), is given by

ay mzy ., mmuYy 4pgat . mmzI
= A, cosh B,.ysinh + si d
w m=123 ( cosh — + Bysi - Dm57r5> n— (d)

The constants A, and By, in Eq. (d) can be determined by enforcing
the boundary conditions, which are

w=90
M,=0 (¢

w=20

Alongsz,a:{M =0’

Along y = £b/2: {

Note that the conditions along the edges z = 0, a are automatically satisfied
by Eq. (d). The conditions along the edges y = +b/2 can be expressed in
terms of w as 52

w

wly=ig= 0; éy_" 0 (f)

y=2}%
Substitution of Eq. (d) into Egs. (f) yields the two equations

4poa*

- 5.5
Dm°rn (9)

Amm——ﬂ-cosham + Bn(amsinham, + 2cosham) = 0
a

b
Amcosham + Bmasinham =

95



2. Rectangular Plates 56

in which the quantity am is defined by

mnb

am = o ()

The equations (g) in the two unknowns A,, and B,, are readily solved

to obtain

4 = 4poat + ppa*bmn tanham

Dm®7% coshanm .
(¥)

2poa’

Bm = DmAr4cosham
The final solution for the displacement w is therefore given by Eq. (d),
where A,, and B,, are evaluated from Eqgs. (2).

Series expansions for the bending moment, corner force, and transverse
shear are obtained by substituting the series (d) into the equations (e, f,9)
of Example 2.1. For the case of a square plate (a = bin Fig. 2-3), Table 2-2
lists the maximum displacement w(a/2,0), the maximum bending moment
M, (a/2,0), the corner force F(0,—b/2), and the maximum transverse edge
shear V;(0,0), computed from the Lévy solution (d).

Table 2-2. Convergence of Lévy’s solution for the maximum
displacement w, maximum bending moment M;, corner force
F.. and maximum transverse edge shear V, for a simply-
supported square plate under uniform load po (v =0.3).

No. of Terms wD/(poa®) M:/(poa®) Fe/(poa®) Vi/(poa)

1 0.00411 0.0517 0.0603 0.325
4 0.00406 0.0478 0.0646 0.395.- -
9 0.00406 0.0479 0.0649 0.409
oc 0.00406 0.0479 0.0650 0.420

A comparison of Table 2-2 with Table 2-1 reveals that as the numbers
of terms in the series are increased, the Lévy solution converges considerably
more rapidly than the Navier solution, especially for the force quantities,
which involve derivatives of w. This demonstrates an important computa-
tional advantage of the single Fourier series (2.10) over the double Fourier
series (2.1).

§2.4 Lévy’s Solution for Rectangular Plates under In-plane Edge
Loads

Because the governing equation (1.40) for plane stress is of the same
form as the biharmonic equation (2.3) for plate bending, the Navier and
Lévy solutions can also be applied to plane stress p:oblems of rectangular

R
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2.4 Lévy’s Solution for Rectangular Plates under In-plane Edge Loads 57

plates. In this section, we discuss the Lévy-type solution for the rectangular
plate under in-plane edge loads. The governing equation in terms of the
Airy stress function ¢ is given by Eq. (1.40) with p, = p, = 0:

8¢ o' 0%
52¢ T ‘522957 T Byt

=0 (2.20)

The stress function ¢ is taken to have the form

mnzT

$(z,y) = Y fm(y)sin (2.21)

m=1

which allows the satisfaction of arbitrary boundary conditions along the
edges y = +b/2 (see Fig. 2-3). Along the edges ¢ = 0 and z = a, however,
the form (2.21) satisfies the particular boundary conditions

Eyy =0

‘)
S (2.22)

Along r =0,a: {
which can be verified by subtituting Eq. (2.21) into the definitions (1.39).
Substitution of Eq. (2.21) into Eq. (2.20) results in the same homo-

geneous equation (2.16) obtained for the plate bending problem, and the
functions fm(y) in Eq. (2.21) are therefore given by Eq. (2.17) or (2.18).

Example 2.3: Shear Lag in a Rectangular Plate with an Inextensional

Border

Figure 2-4 depicts a rectangular plate with a uniform tensile load
N, = Ny applied along the edges y = £b/2. The plate is botrdered by
an inextensional frame, which prevents the edges from stretching or con-
tracting. The boundary conditions can therefore be wrntten

Alongz::O,a:{j\l;yfg; A]ongy:ib/gz{%z;—“gfo (a)
r — y —

Although N, is uniform along the edges where the load is applied, it is
not uniform in the plate’s interior. We are interested in determining the
distribution of stress within the plate.

The stress function ¢(z,y), from Eq. (2.21), is given by

Mmax
¢ = Z (Am cosh mry + Bnysinh m7ry> sin rre (b)
m=1,3,... a a a

in which only the symmetric terms of fm(y). given by Eq.‘ (2.18), and
the symmetric terms in z, which correspond to m = 1,3,..., are retained.
Equation () automatically satisfies the boundary conditions along z = 0. a.

60
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Figure 2-4. Plane stress problem of a rectangular plate bor-
dered by an inextensional frame. A uniform tensile load
N, = N, is applied along the edges y = £b/2.

By means of the equations (1.39) and (1.23a), the boundary conditions
(a) along y = £b/2 can be expressed in terms of ¢ as

¢ 0% »

a7 Vo2 =0
524 (e)
— = No
Or y==}

Substituting the series (b) into the first of Egs. (¢) and setting the coefh-
cients of each term in sinmnz/a equal to zero yields

An(l +u)mcosham + Bnl(1 + v)agsinhay, + 2coshany,] =0 (d)
a

in which a, is the same parameter defined by Eq. (k) of Example 2.2.
Substituting the series (b) into the second of Egs. (¢), and employing
the orthogonality condition (2.6) yields

b 22 a4 .
—(Am coshag + Bm-—sinham)m T / Ny sin iz dr (e)
2 2a 0 a

which reduces to
) 4aN,
Ammcosham + Bpanysinha,, = __az__g (H
a m2nm

for odd values of m.
The two equations (d) and (f) in the two unknowns A,, and B,, are
solved to obtain

2a2No[(1 + v)am sinh am + 2 cosh am]
(m7)3 cosh® o
2(1 4+ v)aN,

(mn)? cosham

61

Am

(9)
B, =
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The solution for the stress function ¢ is therefore given by Eq. (b), where
Am and By, are evaluated from Egs. (g).

Series expansions for the stress resultants are obtained by substituting
the series (b) into the definitions (1.39). Figure 2-5a shows the stress resul-
tant Ny along the line y = 0, for four different values of the plate aspect
ratio b/a. As the aspect ratio increases, the relative magnitude of the stress
N, at the center of the plate decreases. This is called “shear lag,” because
the load is transferred by shear stresses along the edges z = 0,a. For small
values of b/a, the distribution of N, is more uniform, with N, /Ny closer to
unity (see Fig. 2-5a).

12 i 1.0
1.0 25 g |
. ! —m_ =23
' N 6}
Ny ¢ =10 Xy i N— 11
N N, N\
4 r
0 4 i N5
2 2.0 2 r
0 I 1 0 S U |
0.1 2 3 45 0.1 2 3 4 5
x/a y/b
(a) (b)

Figure 2-5. Stress resultants in a plate with an inextensional
border and applied edge loads as shown in Fig. 2-4. (a) Con-
verged values of the stress resultant Ny(z,0) for 0 < z/a <
0.5 and aspect ratios b/a = 0.25, 0.5, 1.0, and 2.0. (b) Shear
stress resultant N;,(0,y) for 0 < y/b < 0.5, b/a = 1.0. The
Levy solutions for mpax = 5, 11, and 23 exhibit nonuniform
convergence. The poor convergence in the neighborhood of
y = b/2 is indicative of a stress singularity at the corner of
the plate. (Results shown are for v = 0.3.)

Figure 2-5b shows the shear resultant N,, along the edge z = 0, for
the case of a square plate (b/a = 1). The shear stress is zero at y = 0, and
grows to a peak value at the corner. Note that the shear resultants given
by 3 terms, 6 terms, and 12 terms exhibit nonuniform convergence, with
very slow convergence near the corner y = b/2. This is indicative of a stress
singularity at the corner. Because the plane stress theory used here is valid
only for small strains, it is not accurate at the corners of the plate, where
large strains and stresses occur.

ol
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Chapter 3

Circular Plates

§3.1 Introduction

Circular plates are common elements of axially symmetric structures
such as containment vessels and rotating machinery. Some examples of cir-
cular plates are computer disks, clutch plates, disk brakes, manhole covers,
and the floors of cylindrical storage tanks. For the analysis of a circular or
annular plate, it is convenient to exploit the symmetry by employing polar
coordinates as shown in Fig. 3-1. The polar coordinates (r,#) are related
to the Cartesian coordinates (z,y) by the equations

z =rcosf r=+/z?+ y? (3.1)

y=rsinf 6 =tan! ¥

Figure 3-1. Circular plate and polar coordinate system.

In this chapter, the plate equations are transformed from the Cartesian
form of Chapter 1 to polar form. It is important to keep in mind, however,
that the states of deformation and stress in a plate are physical phenomena
which are independent of the coordinate system employed. Some vector



3.2 The Gradient and the Laplacian of a Scalar Function 61

notation will be introduced in order to illustrate and exploit this coordi-
nate system invariance. To begin, we consider the harmonic, or Laplacian,
differential operator which appears in Egs. (1.40) and (1.46).

§3.2 The Gradient and the Laplacian of a Scalar Function

Consider the two points P; and P, in Fig. 3-2. The position vector ds
of P, relative to P; is given by

ds=r; —r (3.2)

where r; and r; represent the vectors which connect the origin to the points
P, and P,, respectively. The vector ds can also be expressed

ds = dze, + dye, (3.3)

where (z,y) and (z + dz,y + dy) are the Cartesian coordinates of P} and
P,, and the vectors e, and e, which satisfy

e, e, = e,-e, =1 e;-e, =0 (3.4)

are the orthonormal basis vectors for the Cartesian coordinate system.

/_Pz
a
Ay ds--- < dy eg ey
TR 25 i L -
rd = \'\\ l :ﬁr
P, %
7,
>

Figure 3-2. The position vector ds of P, relative to P; has
the components (dz, dy) in the local Cartesian coordinate sys-
tem, but has the components (dr,rdf) in the local polar co-
ordinate system. ‘

In the polar coordinate system, the coordinates of P; and P, are (r,6)
and (r + dr,8 + df), and the orthonormal basis vectors in the r and 6
directions are denoted by e, and ey. Note that e, and ey, unlike e, and
ey, are functions of position (see Fig. 3-2). In terms of the basis vectors e,
and ey at the point Pj, the vector ds can be expressed

ds = dre, + rdfeg (3.5)

S
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where quadratic terms in dr and df are neglected because P; is assumed to
be infinitesimally close to P;.
Now consider a scalar function F(z,y). The change in F in moving

from P; to P, is

oF OoF

which, in terms of the Cartesian basis vectors, can be written

oF oF
dFF = ds- <eza—z + ey6—y—>

(3.7
where ds is given by Eq. (3.3).
In terms of the polar coordinates, the change in F' in moving from P,
to P, is
OF oF
oF 10F

= ds- <€r'6—r -+ eg;‘—a?) (38)

where ds is given by Eq. (3.5)

The vector ds and the change dF in the function I depend only on
the locations of P; and P, — not on the coordinate system. The equations
(3.7) and (3.8) are therefore equivalent to one another, and can be rewritten

dF = ds-VF (3.9)

in which VF, the gradient of F, is the “rate of change vector.” Equation
(3.9) is a vector equation, and is completely independent of any particular
coordinate system.

In terms of Cartesian or polar basis vectors, the vector VF takes the
explicit forms

OF oF 0 0
VF = exs—;-i-ey—@ = (ezg-x—+ey-<9—y>F (310(1)
6F -~ 10F 0 10
= er——ar +e9;—69 = (e,—g-;-{—ee;-a—g-) F (3.100)

The coefficients of the vectors e, and e, in Eq. (3.10a) are the Cartesian
components of the gradient, while the coefficients of the vectors e, and ey
in Eq. (3.10b) are the polar components.

In Cartesian coordinates, the harmonic, or Laplacian, differential op-
erator A is given by

62 32
AF = <8_.T?—+5-3,-I7)F (3.11)

an
(O
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e +de
r r

Figure 3-3. Change in orientation of the unit basis vectors
e, and ey in moving from a point with coordinates (r,#) to a
point with coordinates (r + dr, 8 + d#).

where F' is a scalar function of z and y. By means of the representation
(3.10a) for the gradient operator, Eq. (3.11) can be written in vector form
as follows:

0 7, oF oF
AF = <ez—a—£+ey'a—;> . (ezg—{-eya—y-) (312(1)
— V.VF (3.12b)

The Cartesian basis vectors e, and e, are the same at any point (z,y); these
vectors can therefore be treated as constants under the differentiations in
Eq. (3.12a).

The vector representation (3.12b) for the Laplacian operator can be
expressed in terms of polar coordinates by means of Eq. (3.10b):

a 10 aF 10F
AF = (era—r+eg;5§>‘<era-+eg:—5-g—> (313)

Note, however, that in carrying out the differentiations in Eq. (3.13), the
dependencies of the basis vectors e, and ey on r and § must be accounted
for.

In moving from a point (7, §) to a point (r+dr,8+d6), the basis vectors
e, and ey undergo a rotation df (see Fig. 3-3). Figure 3-3 reveals that for
dé infinitesmally small, the changes de, and dey in the unit vectors e, and
ey have magnitudes equal to df, and are given by

de, = eydf 314
deg = —e,.df (3.14)
which vields
Je, .
86 ~ ¢
6e9 -
= _ _ 3.1
50 e, (3.15)
Be, _689 -0
or  or

606
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Equation (3.13) can now be expanded and evaluated:

AF = er.i(er.za_F>+er.-a_<eel§_£>

or or or r 06
+ e - %—;—e(er%é> + eg- %(—%—(eé—%) (3.16a)
_ <-§_+ 12, 3—%) F (3.16%)
where Egs. (3.15) and the orthogonality relations
e, e, = eg-eg = 1; e, -eg =0 (3.17)

have been employed in arriving at Eq. (3.16b), which is the representation
of the Laplacian differential operator (3.12b) in terms of polar coordinates.

§3.3 Plate Bending in Polar Coordinates

The governing equation (1.46) for plate bending, in the absence of
distributed in-plane moment loads (m, = m, = 0), is the biharmonic
equation

p
AAuw = — 3.18
w=1 (3.18)
where w is the transverse displacement of the plate midplane, and p is the
transverse load. Substitution of the expression (3.16b) for A yields

or? + r Or T r?2 06? or? r Or r2 062 D 19)

which is the governing equation for plate bending in terms of the polar
coordinates (r,6).

The midplane curvatures can be expressed in terms of r and 6 by
transforming the kinematic relations (1.21). At the point P, located at
(rp,8p) as shown in Fig. 3-4, the basis {e,,eg} is aligned with the rotated
Cartesian coordinate system (7,%). The coordinates (Z,7) are related to
the polar coordinates (r,6) by the equations

7 =rcos(6 —fp) r=«/5:2+g2_ _ (3.20)
y = rsin(d — 6p) tan(6 —6p) = £ '
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Figure 3-4. Rotated Cartesian coordinates Z and @, and
point P, located at (rp,6p).

The curvatures and twist of the plate midplane at P are

52

ke = Ky = — o (3.21a)
0z? |,
52

K = Ky = __8172;) . (3.21d)
S

Krg = Kig = — _u_ (3.21¢)
010§ |p

which can be written in terms of r and 8 by means of the transformation
equations

o ord 080 9 ord 09690

5 " ior Tozae | oy oyor Togos P

From the relations (3.20), the derivatives in Eq. (3.22) are

or _ 56 _ sin(f-6p
E—COS(G—GP) 5?._—— = (3 23)
gr = sin(6 - 6p) 08 _ cos(6 - 6p) 3

&

7] r

The equations (3.21) can now be expressed in terms of 7 and § by sub-
stituting Eqgs. (3.22) and (3.23), carrying out the derivatives, and evaluating
at (rp,8p). The result, valid at any point (r,6), is

5w
ke = =5 (3.24q)
1 8%w 10w
—_— e —— i
o r? 06? r Or (3.246)
0 (10w
Krg = Kor = _'é?<:—5§> (3.24c)

The directions of positive action for the bending and twisting moment
resultants M,, My, M,¢, and My, are shown in Fig. 3-5. For isotropic

(@p
GO
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material behavior, the relationship between the moment resultants M,,
My, My¢ and the midplane curvatures «,, kg, &g is

M, 1 v 0 Ky
Mo = Dlv 1 0 Kg (3.25)
JMrg 0 0 1-v Krg

Equation (3.25) follows directly from Eq. (1.43) for Cartesian coordinates,
because the constitutive relations for an isotropic material do not d=pend
on the material’s orientation.

M
y

AN N A
7

Figure 3-5. Moment resultants M,, My, Mg, and Mo, .

In order to obtain expressions for the transverse shear resultants in
terms of w, we note that Egs. (1.7d), (1.21) and (1.43) provide

oM,  8M,.

Q: = 5 T By +m,
=D %’;’ +u%i;l+(1—u)8g;y +m,
= —D%(Aw)-f-m: (3.26a)
and similarly
Q, = —D%(Aw)+my (3.26b)

Relative to the rotated Cartesian coordinates (Z,§) shown in Fig. 3-5,
the transverse shear resultants at P are therefore

3]
Qr = Q: = —DEE(AUJ) + m, (3.27a)

0
Qe = Q5 = ‘DEE(A“’) + ™My (3.27b)
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| N
N"\ r 9/’ N,

Figure 3-6. Stress resultants N,, Ng¢, N.g, and Ng,.

where m, and my are the distributed moment loads which act in the ey
and —e, directions. The transformation relations (3.22) then yield

Q. = —D—;—(Aw) + m, (3.284a)
T
Qs = -2 (Aw) (3.28%
6 = —Uomglow + mg -28b)
which are the transverse shear resultants which act on edges with normals
e, and eyg.
In addition, it follows from Eq. (1.59) that
10M.q
oM,
Ve = Qs + i (3.29b)
or

where V, and Vy are the Kirchhoff shear resultants, which include the ef-
fective transverse shear due to the twisting moment M.

§3.4 Stresses Relative to Polar Coordinates

The directions of positive action for the in-plane stress resultants NV,,
Ny, N,g, and Ny, are shown in Fig. 3-6. Further discussion of the plane
stress problem is deferred to §3.9. As discussed in Chapter 1, the in-plane
resultants and moment resultants are associated respectively with direct
stresses and bending stresses. In terms of polar components, the stresses
which act parallel to the plate midplane are

Trr Nr 122 JMr
J66 = - Ng e My (3.30)
Tré Nre A{ro

where o,, and og¢ are the stresses which act in the r and @ directions, on
surfaces with normals e, and ey, and o,¢ is the shear stress which acts in
the 6 direction, on a surface whose normal is e,. Note that Eq. (3.30) is
identical in form to Eq. (1.25).
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If there are no tangential shear tractions acting on the plate’s surfaces,
the transverse shear stresses vary parabolically through the thickness, and
are related to the stress resultants ), and Qg by

o, Q-3 22\
- = —11 - _— .
(o) - {&tab-()] @y
which is identical in form to Egs. (1.32).
As in the case of Cartesian coordinates, equilibrium requires that

Org =09y | Op; =0zr ; 0z =039 (3.32a,b,¢)

and
Neg=Ngr ; Mpg= My, (3.33a,b)

§3.5 Circular Plates under Transverse Load

For the plate bending problem of a circular or annular plate subjected
to a transverse load p. = p(r, ), the solution to Eq. (3.19) can be expressed

w = w'? + ' (3.34)

where w® is a particular solution to Eq. (3.19) and w() is a complementary
solution, which satisfies the homogeneous equation

: 2 1 2 2 1 1 2,0
(5 +18+ 3>(aw+ 8w+ 3&)20 (3.35)

orz " ror  r2862)\9rr " ror ' r? 06

The particular solution w(P) satisfies Eq. (3.19), but does not in general
satisfy the boundary conditions at the edges of the plate. A complementary
solution w(®) must be found such that the total solution w satisfies the
boundary conditions.

Because Eq. (3.35) is homogeneous, the complementary solution cor-
responds to a distribution of moment and shear loads applied to the plate’s
edges. From a physical standpoint, the plate can be pictured initially as
carrying the transverse load in the state described by the particular solu-
tion. The edge loading of the complementary solution is then superposed
in order to bend the plate’s edges into the configuration required to satisfy
the boundary conditions.

3.5.1 Axisymmetric Problems

If the ;héczpplied load and support conditions are independent of 6, it
can be assumed that the displacement w of a circular or annular plate will

"1
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also be independent of 6. The plate bending equation (3.19) thus reduces
to the ordinary differential equation

&£ 1d\[(dw 1dw P
(m*:z:) (aﬁﬁz:) =D (3.36)
which can be expressed
1d d[1d /[ dw P -
:a:{"z*[:x(rzrm =D (3:37)

Equation (3.37) can be imtegrated directly to obtain
w(r) = w(")(r)—{- w(c)(r)

_ /%/r/%/rDr)drdrdrdr | (3.38)

+ Ag + Bolnr + Cor® + Dor?lnr

where A, Bo, Co, and Dy are arbitrary constants of integration.

The first term on the right-hand side of Eq. (3.38) is the particular
solution, which depends on the load p(r), and the last four terms are the
complementary solution for the axisymmetric problem. The solution (3.38)
can be evaluated for any given axisymmetric load distribution p(r). The
four constants Ag, B, Co, and Dy are evaluated by satisfying four boundary
conditions. In the case of an annular plate, two conditions are applied at
the inner edge and two conditions are applied at the outer edge.

Example 3.1: Simply-Supported Circular Plate under Uniform Trans-
verse Load

Consider a simply-supported circular plate, subjected to a uniform
load p(r) = po, as shown in Fig. 3-7a. The boundary conditions are

w=M.=0 (At r =a) (a)

The moment resultant M, can be expressed in terms of w by means of the
constitutive relations (3.25):

M, = D(k,+ vKg)

— D iu_). + 13_11). + LB_QE
- 5z T \rar T 7 96 (b)
dw  vdw
=D (Eﬁ' + :‘g:)
Thus the boundary conditions (a) become

w=0

Atr=a: 2w v dw _0 (C)
dr? rdr
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A

—F

L L I e e bl s |
o —sfe—a —] e g a—]

(@) (b)

Figure 3-7. Sa) Simply-supported circular plate subjected
to a uniform load p(r) = py. (b) Clamped circular plate
subjected to a concentrated load P at the center r = 0.

The displacement w can be calculated by substituting p{r) = py into
Eq. (3.38) and integrating, which yields

4

T
w = g?w + Ao + Bolnr + Cor? + Dor’lnr (d)

It can be seen that the term in Inr in Eq. (d) leads to an infinite displace-
ment at 7 = 0, while the term in r?lnr leads to infinite stresses. For the
uniform load under consideration, however, it is clear that the displacement
and stresses at r = 0 must be finite. We therefore deduce the regularity
conditions

By = Dy =0 (C)

which can be thought of as “boundary conditions™ at r = 0.
By substituting Eq. (d) into the boundary conditions (¢), the two equa-
tions

4
21‘;+A0+C0a2:0 |
2 (f)

Poa _
(3+1/)16D + 2Ce(1+v) = 0
in the two unknowns A¢ and Cy are obtained; thus
4 2
_ pa’ [S+vY __Poa 3+v
Ao = 64D<1+u) i Co = 32D<1+u> (9)

and from Eq. (d) and the results (e, g):

o = BN 2(ED (D) 42w

The bending stresses, calculated from Eq. (3.30), are:

122M, 122D <d’2w de>

A e T (S
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_ 3p2zfa 2 r 2] ,

- 2 (;) (3+y)[1- (Z) )
122My 122D (1dw d*w
o) = = = Ge e

25 [oro-eem(D)] 0

. The maximum displacement and stresse<, which occur at the center of
the plate (r = 0) are therefore:

w0 = BL(3E) o= oul0) = 3(3—*;31:’3(;) (%)

Example 3.2: Circular Plate with a Concentrated Load at the Center

A circular plate is subjected to a concentrated load P at the center
r = 0, as shown in Fig. 3-7b. The edges of the plate are built in to a rigid
support, which implies

w=—— =0 (At r =a) (a)
dr

For equilibrium in the = direction, the transverse shear V. must satisfy

V, = - (5)

2rr

and therefore approaches infinity near the concentrated load at r = 0.

From Eq. (3.38),
w = w'? + A4y + Bolnr + Cor® + Dor’lnr (c)
The term in Inr in Eq. (¢) yields an infinite displacement at r = 0, which

requires that

By =0 (d)

With w® =0 asa particular solution, Eq. (¢) becomes
w = Ag + Cor? + Dor’lnr (€)
where the three constants Ag, Cy, and Dy can be evaluated from the three

conditions (a, b).
From Egs. (3.284a) and (3.29a),

L’r:—Dd(sz-Fldw) ()

dr\dr? " rdr

7.
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which can be substituted into the equilibrium condition (), which becomes

d (dw 1dw P
pz (5 rF) - (9)
Substituting Eq. (e) into Eq. (g) and simplifying now yields
P
= h
Do =55 (R)

which shows that the singular term r?1lnr in Eqs. (¢) and (e) corresponds
to a concentrated load applied at the plate’s center. '

Substitution of Eq. (¢) into the two conditions (a), with Dg given by
Eq. (h), results in

Pa?l
Ao + Coa® 4+ ——2= = 0

P
2Cy + —8—7-.:5(21110-*_1) =0

which are solved to obtain

Pa?
Ao = . Co =
0 16D = °

(2lna +1) (7)

167D

With the results (h) and (7). Eq. (¢) can now be written

o= G- () b)) @

The maximum displacement, at the center of the plate, is

Pa?

!
16xD 0

w(0) =

3.5.2 General Solution by Fourier Series

For a general deformation with radial and circumferential dependence,
the displacement w(r, §) must be periodic in §. The complementary solution
w'9) can therefore be taken in the Fourier series form

w(c)(r,e) = Z fm(r) cosmb + Z gm(r) sinméb (3.39)
=0 m=1

where fi(r) and gm(r) are functions to be determined.

7o
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Substituting Eq. (3.39) into Eq. (3.35) and equating the coefficient of
each term in cos mé to zero yields the following set of ordinary differential
equations for the functions f,:

(d2 L1d "ii) (dqu 4 Ldfm _ m2f'") =0 (3.40)

dr?  rdr r? dr? r dr r2

An identical equation for the functions g, is obtained by equating the
coefficient of each term in sinmé to zero. ‘
Equation (3.40) may be solved by taking the function f, in the form

fm(r) = Ar® (3.41)

where A is an arbitrary constant. To determine a, Eq. (3.41) is substituted
into Eq. (3.40), which then becomes

A(e? —mD[(a -2 -—m?ro™* = 0 (3.42)
For m > 1, Eq. (3.42) has the four distinct roots

a;=m D g = —m (3.43a, b)

a3 =2+m ; ag=2-m (3.43¢,d)

which correspond to four independent solutions of the form (3.41).

For m = 0 and m = 1, however. the four roots (3.43) are not distinct.
In order to investigate these cases of repeated roots, the left-hand side
of Eq. (3.42) can be represented by L(fn) where L is the fourth-order
differential operator of Eq. (3.40) and f,, is given by Eq. (3.41). If o™ is a
repeated root of Eq. (3.42), it follows that

5}

A (L(f)) e = O (3.44)

which, due to the linearity of the differential operator £, can be written

8fm
E(a—a

) =0 (3.45)
We thus have an additional solution f, of the form

3 fm

fr = S = Ar® lInr = f,lnr (3.46)

®

=

for each repeated root a”.
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The functions fm which satisfy Eq. (3.40) are therefore given by

fo = Ao + BQ Inr + C'()'f'2 + D0T2 Inr (347(1)
fr = Air + Byr~! 4+ Cir® 4+ Dyrlnr (3.47b)
fm = Amr™ 4+ Bpr ™ 4+ Cur®t™ 4+ Dppr®™™  (m>1)  (3.47¢)

where Am, Bm, Cm, and Dy, are arbitrary constants. Note that m = 0
corresponds to the axisymmetric case. The functions gm in Eq. (3.39) must
satisfy the same equation (3.40) as the fn, and hence have the forms

g1 = Alr + Byr™! + Cir® + Dirlor (3.48a)
gm = ALr™ 4+ BT 4 Clr™tt 4+ D™ (m > 1) (3.480)

For each value of m, the four arbitrary constants in the functions (3.47)
or (3.48) are determined by four boundary conditions for the m’th Fourier
harmonic (cos m8 or sinmé term).

§3.6 Stiffness Matrix for Edge Bending of a Circular Plate

The general Fourier series solutions presented in the preceding sec-
tion can be used to derive a stiffness matriz which relates circumferential
harmonics of displacement and rotation of the edge of a circular plate to
harmonics of edge shear and moment. For a circular plate of radius a, the
edge rotation, transverse displacement, edge moment, and transverse edge
shear at 7 = a can be expressed in the Fourier series form

Xr o Xm : - Xm
]:j’ = Z Jz\r{m cosmb + Z ;C—;m sinm# (3.49)
,V: _ m=0 ‘,'r:l m=] V:
where x,, M,, and V, can be wnitten
ow
. 0*w 1 6w 1 8%w _
M, = ——D[—a—r?—*l—l/(;'a—r + r—{-a—eT)} (3.50b)

Vr = Qr+

9 _pf0 (w100 10
86 or\ or2  r Or r? 962

1-v 8 (108%w
+ - 57(;—672)] (3.50¢)

in terms of the transverse displacement w.

"0
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For problems involving edge loading, the m’th circumferential cosine
harmonic of the displacement w, from Egs. (3.47), has the form

w = (Apr™ + Cur?t™) cosmb (3.51)

where the singular terms of Eqs. (3.47) are omitted in order to satisfy
regularity at r = 0.
Substituting Eq. (3.51) into Egs. (3.50) and evaluating at r = a pro-

vides the relations
m (m Am
[im] _ [MD)HC",} (3.52a)
Afm (m Am
[Vm] = [MF)HC"J (3.52b)

where the 2 x 2 matrices [M(Dm)] and [M(Fm)] are given by

(m —!—:— —(m+2)a =
[MD )] — am{ 1 2 ] (3.03(1)
(1—=v)m(m-—1)
(m) _ ———ai,—'—" ——(m+1)[(1—l’)m+2(1+”)1 -
Mg"] = Da™ l: (1—v)m*(m-1) m(m+1){(1—v)m—4] (3.530)
a3 a

Solving Eq. (3.52a) for A and Crm and substituting the result into
Eq. (3.52b) yields the stiffness relation

- el e

where
m v m?(1+v)42m
[K(m)] — [M(m)][M(m)]—l - D : -i;H- PY; (3 55)
- F D - m?(14+v)+2m  mi(2m+1+v)
. PY] a3

is the stiffness matrix for edge bending of the circular plate. The Fourier
harmonics are decoupled from one another, with a stiffness matrnx of the
form (3.55) for each circumferential cosine or sine harmonic m.

Example 3.3: Circular Plate with Discrete Supports

Figure 3-8 shows a circular table of radius a which rests on four sup-
ports and is subjected to the uniform downward load pg. The supports are
equally spaced, and subtend an angle 3. We anticipate that the plate will
deform non-axisymmetrically, sagging between the supports.

~3
co
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Figure 3-8. Uniformly loaded circular plate of radius a with
four equally spaced support regions, each of which subtends
an angle .

The boundary conditions can be represented approximately as

J\'{rlrza =0

V.| _ { 0 between supports (a)
TIr=% 71 V, over supports

where V; is a constant. Although the transverse shear is not in general

constant over the support, this assumption will not appreciably affect the

solution away from the supports. Overall vertical equilibrium for the uni-

formly loaded plate with n, supports requires the value V, in (a) to be

, _ Tha
V, = b
n.d (b)

where n, > 2.

The solution for a uniformly loaded simply-supported plate, from Ex-
ample 3.1, can be used as a particular solution:

4 4 2
(P — e T _9 3+v r S+ v
“ 64D [(a) (1+u a + 14+ v (c)

This particular solution satisfies the boundary conditions

Mv(‘p)lr=a = 0 ) Vr(p)lf'=“ = poa/2 (d)

It is therefore necessary to find a complementary solution w{®) which
satisfies
M= =0

—B%E between supports (e)

7:1;—%" - 2%2 = B%ﬂ(% - 1) over supports

Vr(C)|r=a —
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so that the total solution
w = w® + w® (f)

satisfies the conditions (a) at the edge r = a.
The Fourier coefficients of the moment and shear of the complementary
solution at r = a can now be calculated from

2x
Mp=2 [ M9(a,8) cosmbdb =0 (9)
ke

0

2w
Vi = ;/ Vi) (a,6) cosmb df (h)
0
Note that due to the symmetry, only the terms with cosn# dependence
participate.

Also by symmetry, only one interval between the centers of two ad-
jacent support regions need be considered, as shown in Fig. 3-9. From
Eq. (h), we then have

2x

ny [y g
V. ={ 7 '/(; V!(a.8) cosmfdf for m =0,n, 2n,,... (i)
0 otherwise

Figure 3-9. Circular plate with n, equally spaced supports.

The integral in (i) can be evaluated in a piecewise manner for the shear
distribution given by (e) as follows:

Cr a 2r £
/ V()(q,8) cosmfdf = p"—[( _1)/ cosmb db
0 2 naﬂ 0

¢ o i
- / cosmédf + ( — 1)/ cosmGdG]
$ nab -4

(7)

0]
O
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For m = 0, n,,2n,,..., the expression (J) reduces to
’ Vi) (a,8) cosmbdf = k
/0 Tpod 2 sinmﬁ m = ng,2n,,... )
T, mﬂ 2 89 31
and Eq. (i) therefore becomes
g@/—}sinﬁ m=n,,2N,,...
Vi = m 2 (I)
0 otherwise

For m # 0, the stiffness relation (3.54) can be inverted to obtain w,:

K- KIPM,
e :
-(m) 7-(m) {m)
‘Al;n AZ;T] - AIZ

(m)

where M, and V,, are given by Egs. (¢g) and (I). For m = 0, Egs. (9)
and (I) give My = Vg = 0, which 1s satisfied by the rigid body mode
w(r.8) = we = Constant. The coeflicient wq of the rigid body mode can
be determined from the condition

oC oo
Z Uy = 0 = we = — Z Won (n)
m=0 m=1

which enforces zero displacement over the centers of the supports.
In particular, for n, = 4 as in Fig. 3-8, Egs. (1) and (m) withm = 4
vield
poa? sin23 9+ v
wyg — (O)

D 23 16[(9+v)? — 4(3+ 2v)?]

which provides the one-term Fourier series approximation

h =~ 2wy (p)

for the maximum edge displacement h (see Fig. 3-8).
From Eq. (n),

wp X —Wy (¢)
thus the displacement at the center of the plate is
wlr:ﬂ = w(p)|r=0 + Wy

()

~

~ w(p)lrzo — Wy

Note that the coefficients Ap and Cp, if they are required, can be recovered
from one of Egs. (3.52).

81
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§3.7 Tensor Form of the Equilibrium Equations

The vector expressions
e.Qe;, , e.Qe, , e,Qe, , e,Be (3.56)

are referred to as dyads. The vectors on either side of the operator ®,
which is called the tensor product, are to be taken as a pair. A dyad can
be thought of as an ordered pair of vectors, analogous to an ordered pair
of numbers (z, y).

The meaning of one of the dyads (3.56) is best understood by consid-
ering the dot product of the dyad and a vector. For example,

ez'(ez®ez) = (ez'ex)ez = €z (357&)
e; (e;Re,) = (er-e;)ey, = ey (3.57b)
(e;Qe,) e, = e (e, -e;) =0 (3.57¢)

Note that when a vector is “dotted” with a dyad, the result is another
vector, because the product of the two vectors adjacent to the dot yields
a scalar, and one of the vectors of the dyad “survives.” Also note that
the dot product between a dyad and a vector is in general not symmetric.
(Compare Egs. (3.57b) and (3.57¢).)

The dvad is a useful vector construction for the representation of states
of stress. Consider the vector expression

N = N,e,®Qe; + N e.Qey + N, e,Qe; + Nye,Qe, (3.58)

in which N, N;y, Ny, and N, are the stress resultants at a particular
point in a plate. Equation (3.58) is referred to as a tensor representation
of the in-plane stress state in the plate. The tensor N is of second order,
because it consists of dyads.t A good way to understand the tensor N 1s
to see what happens when it is dotted with other vectors.

First consider the dot products

e,-N = N,e; + Nyye, = N; (3.59a)
e, N = Nye, + Nye, = Ny ’ (3.59b)

The vector N, is the stress resultant vector (force per unit length) which
acts on edges with outward normals which point in the z direction (see
Fig. 3-10a). The z component of the vector N; is the stress resultant
N, and the y component of the vector N is the shear stress resultant
N.y,. Similarly, the vector Ny has components (Nyz, Ny), and is the stress
resultant vector which acts on edges with outward normals which point in
the y direction. ’

t Higher order tensors can be constructed from triads, tetrads, etc., which
involve three or more vectors linked by the & operator.

8%
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|
(a)

Figure 3-10. (a) The stress resultant vectors N, and N
act on edges with outward normals which point in the z an

+ y directions, respectively. (b) The stress resultant vector N,
acts on an edge whose normal lies at an angle § relative to
the z axis.

Now consider the equilibrium of a triangular element as depicted in
Fig. 3-10b. The stress resultant vector which acts on an edge whose normal
lies at an angle # relative to the z axis is denoted by N,. The stress
resultant vectors which act on the edges of the element with lengths dr and
dy are —N, and —N;. The forces acting on the triangular element’s edges
must balance, which leads to the vector equation

Npds — Nydr — N;dy = 0 (3.60)

Substituting
‘ dr = dssinf ; dy=dscosf (3.61)

into Eq. (3.60) yields

N, = N;cosf + Nysinf (3.62a)
= (cosfe, + sinfe,) N (3.62b)
= e, N (3.62¢)

where Eqs. (3.59) are utilized in obtaining Eq. (3.62b) from Eq. (3.62a),
and e, is the unit vector which lies at an angle 6 relative to the r axis.

If an imaginary cut is made in a plate, the normal e, to one of the
edges and the resultant N,, which acts on that edge are vectors with definite
magnitude and direction. Equation (3.62c) tells us the relationship between
these two vectors. The tensor N is therefore a vector operator which, if
dotted with the normal to a surface, yields the stress resultant vector which
acts on that surface. Just like Eq. (3.9), Eq. (3.62¢) is a vector equation,
and can be represented in any coordinate system which happens to be
convenient.
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The plane stress equilibrium equations can be written in vector form

VN+p=0 (3.63)
in which

P = pz€z + Pyey (3.64)
is the in-plane load vector. The two equilibrium equations (1.7a,b) are
recovered by substituting the expression (3.10a) for the gradient operator
and the form (3.58) for the tensor N into Eq. (3.63), and equating to zero
the coefficients of the vectors e, and e,.

In order to write the equilibrium equations for plate bending in tensor
form, it is necessary to introduce the quantities

Q = Q.e; + Qyey (3.65a)
M = M,e,®e, + M, e,Qe, + M, e,Qe, + Mye,®e, (3.65b)
m = m.e; + mye, (3.65¢)

where Q and M are transverse shear and bending moment tensors, and m

is the distributed moment load vector.
With the definitions (3.65) and the expression (3.10a) for the gradient
operator, the equation (1.7c¢) for vertical equilibrium can be wntten

and the two equations (1.7d. ¢) for moment equilibrium become

VM-Q+m=0 (3.66b)

The five equations (1.7a—¢) of equilibrium for plate behavior are therefore
equivalent to the three vector equations (3.66a,b) and (3.63).

§3.8 The Curvature Tensor

The curvatures and twist of the midplane are related to the midplane
displacement w by Egs. (1.21), which can be organized in vector form as
follows:

K= K.e.Qe, + Kkye,Qe, + k- e,Qe, + Ky e,Bey (3.67a)
O*w O*w J*w J*w -
= —E?e,®et—5@ex®ey %ey@)ez—a—yyey@ey (3.67b)
:—(e —6—-+e —(?—)@(e a-—u-)-—+-e B_u) | (3.67¢)
*or Yoy * 0z Y 8y '
= —VgVu (3.67d)
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Equation (3.67a) shows that the midplane curvatures ., &y, and &y can
be interpreted as components of a curvature tensor, denoted by x. From
Eq. (3.67d), we see that & is a vector function of the displacement w, and
can therefore be represented in terms of any convenient set of basis vectors.

In the case of polar coordinates, the operator V is given by Eq. (3.100),
and Eq. (3.67d) becomes

0 10 ow 10w
K = —(eré?+eg;-8—9> ® <e,--67+eg:—87) (368)

which can be expanded. with derivatives of e. and eg evaluated according
to Eqgs. (3.15). The result is

K = Kre e, + KrgerQeg + Koreg®e, + Kgegdep (369)

where &, kg, kg, and kg, are the same quantities (3.24) which were ob-
tained by coordinate transformation.

For the plate bending problem, & represents the plate midplane’s de-
formed shape, which is the same regardless of the coordinate system em-
ploved. This deformed shape can be described by the components of & rela-
tive to any convenient coordinate system. For the case of a polar coordinate
svstem, the components &, and x4 are the curvatures in the directions of e,
and ey. and the component ¢ is the twist relative to these basis vectors.

§3.9 Plane Stress in Polar Coordinates

As discussed in Chapter 1, the governing equation (1.40) for the plane » .

stress behavior of a plate. in the absence of distributed in-plane loads (p; =
py = 0), is the biharmonic equation

AA =0 (3.70)

where ¢ is the Airy stress function.
The harmonic differential operator in terms of r and 6 is given by

Eq. (3.16b); thus Eq. (3.70) becomes

2 1 82\ /8% 186 106%
(a+ o, )( ¢ 100, 6‘>=0 (3.71)

a2 ror 2062 )\8r2 " ror  rrog?

The expressions (1.39) which relate the stress resultants N,, Ny, and
Nzy to the stress function ¢ can be written in the tensor form

2o 824 26 0
N = 5‘;2—61@81 - 5—3}—8—;ez®ey — '6_1'5];‘3!/681 + -a?ey®ey
0 0 0¢ 0d
= (ezb-z — ey5;> & (ezé-; - ey5;> (372)
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Equation (3.72) represents four equations, two of which are equivalent due
62
to the fact that Nzy = Ny: = — 305
The differential operator e, ;%—ey £ which appears twice in Eq. (3.72)

dz
can be expressed

5} 0 a 0
erég—ey-a—:c = e-(ezgﬁheyb—y) = €V | (3.73)

where the vector operator €, defined by
e = e;Qe, —e,Qe; (3.74)

is a second-order tensor which, when dotted with a vector, yields a vector
which is rotated clockwise by ninety degrees relative to the original vector.
For example,

€-e;, = —ey

(3.75)

€-e, = e;

The “ninety degree rotation tensor” € can also be written in terms of
the basis vectors e, and eg:

€ = e . Rey—eyRe, (3.76)

The differential operator € - V can therefore be expressed

eV

(oo esven) (ol s er2)
erPeg —egPer e, o + eer 59
10 0

= €p=—— — €g—
T

J46 or

and the Eq. (3.72), in terms of polar coordinates, becomes

N = (¢ V)® (e V) (3.78a)
[ 18 ] 196 93¢ a
= (e,-;-a-g—eea—r> R (e,—;-ég—eeg;> (3181))

Equations (3.72) and (3.78b) employ different basis vectors, but represent
the same tensor quantity N, just as Eqgs. (3.10a) and (3.10b) are equivalent
representations for the gradient of a function.

Equation (3.78) can now be expanded, similarly to Eq. (3.68), to arrive
at

N = N,e,Re, + Nye,Qeg + Ny, eg®e, + NogegCeg (3.79)
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where
N, o 186 100
Ar = r? 96? + r Or (3.80a)
T 620,
Ng = 37 . (3.80b)
o n . _0(10¢

The state of plane stress, represented by N, is the same regardless of
the coordinate system which is employed, but the components of N depend
on the basis vectors. Note that relative to the basis vectors e, and eg the
components of N and x have similar forms.

§3.10 Circular Plates under In-plane Edge Loads

For the plane stress problem of a circular or annular plate subjected
to in-plane edge loads, the governing equation in the stress function ¢, in
terms of polar coordinates, is given by Eq. (3.71). If the stress function
¢(r,0) i1s taken in the Fourier series form

Z fm(r) cosmb + Z gm(r) sinmb (3.81)

m=]

it is evident that f;,(7) and gm(r) must have the exact:same form as in the
complementary solution (3.39) to the plate bending problem. The functions
fm(r) and gm(r) in Eq. (3.81) are therefore given by the same equations
(3.47) and (3.48).

The axisymmetric case, in which ¢ is independent of 6, corresponds to
the m = 0 term in Eq. (3.81). This is completely analogous to the plate
bending problem. With fo(r) given by Eq. (3.47a), the solution to the
axisymmetric plane stress problem is therefore

é(r) = Ao + Bolnr + Cor? + Dyr’lInr (3.82a)
where 4, By, Cy, and Dy are constants to be determined. From Egs. (3.80),

it is evident that the constant term 4, of Eq. (3.82) contributes no stresses,
and can be be taken equal to zero with no loss of generality; thus

#(r) = Bylnr + Cor? + Dyr’lnr (3.82d)

It can be shown that the third term in Eq. (3.82b) corresponds to a
plane stress deformation which involves a discontinuity in the displacements
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— a dislocation — at some value of 6.t For axisymmetric problems of
complete circular and annular plates, we therefore have
Dy =0 (3.83)
and
¢(r) = Bolnr + Cor? (3.84)

where By and C, are evaluated by applying two axisymmetric boundary
conditions.

Example 3.4: Annular Plate with Axisymmetric Edge Loads

Figure 3-11 shows an annular plate with outer radius a and inner radius

b, subjected to the edge loads
N(a)=N, ; N.(b)=N, (a)

Figure 3-11. Annular plate subjected to the axisymmetric
edge loads N, = N, at r=aand N, =Ny atr =0

Substitution of the stress function (3.84) into Eqs. (3.80) vields

N,=200+§f—
T

B
No = 2C — = (6)

Nrﬁ =0
The boundary conditions (a) can therefore be written

B B
2co+a—2°=Na ; zco+3§°-=m, (c)

t See Timoshenko and Goodier (1970), pp. 78-9, for a more detailed discussion
of this point.
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and the two equations (c) are readily solved to obtain

~ @22 (N, — N) 2N, — BN,
Bo = - a? — b? i Co= 2(a? — b?) (d)

The stress resultants, from Eqs. (b) and (d), are

Nr) = o {1\ - (3)21\& - (.- Nb)(fﬂ

2 2 2
i = g (s m]

Note that for equal loads along the inner and outer edges, that is
N, =Ny=Ng (f)

Equations (e) yield the uniform, isotropic stress distribution
No(r) = No(r) = Ny (¢)

Now imagine that a veryv small hole is drilled in a plate which is under
uniform isotropic tension. In this case, we have

J\va = ]\VO N J\Tb = 0 3 b/a = O (h)

and Egs. (e) reduce to

s == ()] wer = e (2] @

from which it is seen that the maximum stress acts in the 8 direction at
r = b (the edge of the hole), and has the value

oee(b) = Ng(b)/t = 2No/t (7)

The hole therefore introduces a siress concentration factor of two.

§3.11 Additional Solutions for Circular and Annular Plates

The preceding sections presented Fourier series solutions to the homo-
geneous biharmonic equations (3.71) and (3.35). In addition to the Fourier
series solutions, which are periodic in the circumferential coordinate 6, the
four functions

F(r,0) = a,6 (3.85a)
Fy(r,0) = ayr26 (3.85b)
E3(r,6) = a3rfsinf (3.85¢)
Fy(r,8) = asrfcosb (3.85d)

89



3.11 Additional Solutions for Circular and Annular Plates 87

where a;, ag, a3, and a4 are arbitrary constants, can also be verified to
satisfy Eq. (3.71) or Eq. (3.35). Note that the solutions (3.85) are not
periodic in 6.

For the plane stress problem, the physical interpretations of the solu-
tions (3.85) are as follows:

Fy: Uniform shear stress Ny¢ (torque in the z direction).
F,: Discontinuity in stress at r = 0.

F;: Concentrated load in the z direction at r = 0.

F,: Concentrated load in the y direction at r = 0.

For the plate bending problem, the physical interpretations of the so-
lutions (3.85) are:

Fy: Helical deformation of an annular strip.

F5: Discontinuity in moment at r = 0.

F5: Concentrated moment load in the y direction at r = 0.
Fy: Concentrated moment load in the z direction at r = 0.
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