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Lecture 4

State Estimation and Fault Detection
via
Sliding Modes

* Real-time differentiation via higher-order sliding modes
« State estimation in dynamical systems

« HOSM Algebraic Observers

« HOSM Dynamic Observers

* Model-Based FDI via VSS
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L4 — Real-time differentiation

> Digital real-time differentiators can avoid the use of additional
measurement devices.

> Differentiators are widely used in output feedback control of non
linear systems with uncertainties.

» Differentiation of a smooth signal z is a well-known ill-posed
problem whose solution has been attained by regularisation via
integration.

> Robustness with respect measurement noise and digital
discrete-time implementation is required.

» Bandwidth and robustness are conflicting requirements.
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L4 — Real-time differentiation

Most effective and used existing algorithms are based on:

> Linear filters approximating the ideal differentiator — High Gain
observers with completely uncertain system model

> Non linear filters based on Higher-Order sliding modes —

Super-Twisting differentiator

Discontinuous High Gain differentiator

O—

controller

u(t)

[

£

Usually it is required that the signal z is “sufficiently smooth”
for 2-SMD it means that the derivative of z is Lipshtz
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L4 — Real-time differentiation

High-Gain Differentiator

{xl =X _70k(x1 _Z)

, V., k)>0 Z=X
%, = —}/1/(2()61 _Z) (70 71 ) 2
» Cut-off characteristic depends on parameters y, and y,

> Filter bandwidth depends on parameter k

> Differentiation accuracy is almost constant within the filter
bandwidth

» Phase distortion mainly depends on parameters y, and y,

» Accuracy depends on parameter k

» Estimation error never vanishes
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L4 — Real-time differentiation

Super-Twisting Differentiator

Il
HH.

=x2—1<0v‘x1—z‘sgn(xl—z) KO:I.S\/F; i, =1.1Z] z

X,

x, = —k, sgn(x, — z)
>
>
>

Estimation error vanishes in finite time

Convergence time depends on «, and «,

Noise propagation is limited

A\

Convergence cannot be assured if the spectrum of z is
enriched, even at low frequency

» Accuracy in discrete-time implementation depends on the
product among the parameters x, and x, and the sampling

time T,
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L4 — Real-time differentiation

Discontinuous High-Gain Differentiator

X,

>
>

{).CI =X _7/ok(x1 _Z)

(Q/anlakaW)>O é\:xz

i

o0

Yok

= —y,k*(x, — z) - W sgn(x, — z) W>J2, +2—=; 471>,

Asymptotic theoretic exactness of the differentiator is assured.

The y,, 7, and k parameters can be tuned to have the best shape and

bandwidth, since the discontinuous term compensate for the phase
distortion.

Limiting k, and W, implies that the differentiator bandwidth is not much
larger than needed, therefore high frequency noise propagation is
limited.

Simulations showed that enriching the signal spectrum at low
frequency can cause the differentiator not to converge, but its
sensitivity with respect to the signal spectrum richness is less than that
of the Super-Twisting differentiator.

z must have limited second and third derivative.
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L4 — Real-time differentiation

Estimation errors
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L4 — Real-time differentiation

Estimation errors
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L4 — Real-time differentiation

Discrete-time implementation

Estimation errors -7 =10" Estimation errors — T_.= 10

O (T,)
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L4 — Real-time differentiation

Noise sensitivity

Estimationerrors -N=0.04 Estimationerrors -N=0.02

O (N%)

O (N%)

Time [s]
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L4 — Real-time differentiation

Multiple differentiation is based on nested implementation of a simple
Super-Twisting robust differentiator
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L4 — Real-time differentiation

More effective and precise development led to the arbitrary order
sliding differentiator

“sgn(z —y)+ 2,

Zo=Vy, Vo= —/10‘20 -y

Finite time convergence

Z=v, V.=-1 Reduced noise propagation

l 1 l 1

e sgn(zi - Vi—l)+ Zin

Z; —Via

1

27/ = _ﬂ“r Sgn(zi B Vr—l )’

)7(1' )

~ O(Am%H) + O(TCF_HI), i=0,12.... |noise|<A, T_: sampling period

An r-order differentiator implements a (r+17)-order sliding mode
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L4 — Real-time differentiation

To discuss some properties of a HO-Differentiator let us consider an
AM signal with a decaying transient

1

s(t)=2e 2sin(3¢)+cos(2¢)sin(20¢+7/3)

Signal

Time [s]
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L4 — Real-time differentiation

The simulink block provided by Proff. Markus Reichhartinger and Sarah
Spurgeon is used to show the features of HO-Sliding Mode Differentiators

[#al Function Block Parameters: S-Function
Differentiator

robust f*'-‘mf'-ft This block provides derivatives of the input signal up to order 10, The
d.n arder can be chosen by the first parameter. The convergenos rate and
) f the robustness can be selacted by the second parameter,

ot n X The first scalar output © provides a convergence measure. Increase
dt the convergence | robustness factor to ensure that this signal
vanizhes with time.

The second output ® is 2 vector cortaining the derivatives of the input
signal. The length of this vector depends on the chosen differentiator
arder

Parameters
enter differentiator order (1,2,...,107:
Z

Integration method: - . |
. enter convergence rate [ robusiness foctor (real postive number):

Variable step ODE45 !

(Dormand-Prince)

Simulation

The accuracy achieved by the differentiator depends on the simulation
H . -5 step size, Choose -1 for inherited step sire, i.e. the solver settings as

MAX Step SIZG . 1 O configured in the model configuration parameters menu are used,

This is recommended in the case of solvers with fixed step size. You

can manually specify a step size (e.g. 1e-3) in order 1o improve the
achieved accuracy, e.g. in the case of variable-step solvers.

Min step size: 10°

step size
-1

Ok Cancel Help Apohy
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Signal tracking error
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L4 — Real-time differentiation

If the “gain” parameter is not sufficiently high the SMO doesn't converge
independently from the discretization period T

convergence rate / robustness factor = 10
1.2 T T

—r=10"
—r=10"

0.8 [~ ]

0.6 —]

0.4 1~ —

0.2 [ —

Time [s]
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L4 — Real-time differentiation

Once the “gain” parameter is sufficiently to assure the SMO convergence
its incresing worsens the accuracy at a fixed discretization period T

convergence rate / robustness factor = 20 =102

estimated derivative
—— actual derivative
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first derivative

WA AT U A AT A A PR T
” ATRIATRVARTRIRTATARATAY

econd derivative

| B B | estmated deiatie||
|m ! &ﬂﬂ | |M | ﬂh ! MAMI‘MM quﬂHaC il
W T e o e A T o L T
MM AT A RN AATURI AT AT AR Il
M A A A A

State Estimation and FDI via SM - Prof. Elio USAI - TU Graz - June 2016



L4 — Real-time differentiation

Once the “gain” parameter is sufficiently to assure the SMO convergence
its incresing worsens the accuracy at a fixed discretization period T

30
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10 [

-10

first derivative

-20
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-400

second derivative
o
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Offset=0

200

convergence rate /robustness factor = 30

=107

estimated derivative
actualderivative

estimated derivative
actualderivative
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L4 — Real-time differentiation

Once the “gain” parameter is sufficiently to assure the SMO convergence
better accuracy can be attained decreasing the discretization period T

convergence rate / robustness factor=20 7= 1073

30 | I —
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Offset=0 Time [s]
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L4 — Real-time differentiation

Once the “gain” parameter is sufficiently to assure the SMO convergence
better accuracy can be attained decreasing the discretization period T

convergence rate / robustness factor=20 7= 1073
| _
— estimated derivative |-
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signal tracking error (sliding variable)

L4 — Real-time differentiation

Once the “gain” parameter is sufficiently to assure the SMO convergence
better accuracy can be attained decreasing the discretization period T

1.2
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signal tracking error (sliding variable)

L4 — Real-time differentiation

Once the “gain” parameter is sufficiently to assure the SMO convergence
better accuracy can be attained decreasing the discretization period T
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signal tracking error (sliding variable)

L4 — Real-time differentiation

Once the “gain” parameter is sufficiently to assure the SMO convergence
better accuracy can be attained decreasing the discretization period T

1.2
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signal tracking error (sliding variable)

L4 — Real-time differentiation

Once the “gain” parameter is sufficiently to assure the SMO convergence
better accuracy can be attained decreasing the discretization period T
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L4 — Real-time differentiation

Once the “gain” parameter is sufficiently to assure the SMO convergence
better accuracy can be also attained using a differentiator of higher order

convergence rate / robustness factor=20 += 102
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second derivative

third derivative
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L4 — Real-time differentiation

Once the “gain” parameter is sufficiently to assure the SMO convergence
better accuracy can be also attained using a differentiator oh higher order

convergence rate / robustness factor =20 =102

estimated derivative

actualderivative

estimate derivative
actualderivative |

— | ) | | ]
5.8 5.9 ( W 6.5 6.6
o | The accuracy of the 2" time derivative | —
is limited by the sampling time T
| | | | ]
5.8 5.9 6 6.1 6.2 6.3 6.4 6.5 6.6
Time [s]
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L4 — Real-time differentiation

The effect of the measurement error affects the accuracy. The following tests
are performed considering a 1% accuracy (max value) in the acquired data
(band limited white noise with 10° sample time)

convergence rate / robustness factor = 20 =107

@ 40 | ,
g= 20 ! estimate L
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L4 — Real-time differentiation

The effect of the measurement error affects the accuracy. The following tests
are performed considering a 1% accuracy (max value) in the acquired data
(band limited white noise with 10 sample time)

convergence rate / robustness factor=20 1= 107 4™ order differentiator

0.08

0.06 li

5 L

E

il
g’ 0.02
g \ .
%-a.az

o
D004

w

-0.06

-0.08

0 0.5 1 1.5 2 25 3 3.5 4 4.5

= 4
S m, p
-D—‘el ¥ I Fre i i i }
A A N VR OO VL D A VYN T L L
R W“ﬂw“%w&w A VA TR ™ W AW
2.
T
€,
1:_5

Li] 0.5 1 1.5 2 25 3 35 4 45 5
Offset=0 Time [s]

State Estimation and FDI via SM - Prof. Elio USAI - TU Graz - June 2016

28/77



0.08

0.06

0.04

0.02

-0.02

signal tracking error

-0.04

-0.06

-0.08

L4 — Real-time differentiation

The effect of the measurement error affects the accuracy. The following tests
are performed considering a 1% accuracy (max value) in the acquired data
(band limited white noise with 10° sample time)

convergence rate / robustness factor = 20

T =

1073

2"9 order differentiator

0.5

Using a sliding differentiator of higher order gives
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L4 — State estimation in dynamical systems

— (/)
o

Given a dynamical system the observation problem is to estimate

its internal state on the basis of the knowledge of:
* System outputs
* Systems inputs

¢ System dynamical model
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L4 — State estimation in dynamical systems

m—— (¢
G I
) ¥(t) W
m—— (¢
>

The usual approach implies the implementation of a replica of

the system with an additional input depending on the output error
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L4 — State estimation in dynamical systems

The problem is relatively simple for linear, time-invariant systems

x=A-x+B-u x€R", ucR’, yeR’

ThesyStem y:CX_I_Du an,q

The observer X=A-X+B-u+L(y-y) Luemberger observer
C

y=C-x+D-u

X=(A+LC)-X X=x-%
The error _ N N A

y=C-X y=y-Y
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L4 — State estimation in dynamical systems

The observability condition for linear system is that

C

CA
The observability matrix O=| CA>

is full rank

It is possible to arbitrarily define the eigenvalues of matrix (A+LC)
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L4 — State estimation in dynamical systems

Differentiating the system output

y C D u

y CA CB D u

y CA’ x+| CAB CB D u
y" U] |CA™'| |CA"™B CA"’B CB D|u""

The system is solvable with respect to the state variables if it is possible to

extract n independent rows from the np rows of the observability matrix:

l.e., the observability matrix is full rank
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L4 — State estimation in dynamical systems

The general case of nonlinear systems is very much involved

x(t)=fx(t),ul(t),t o
y(f)zh((x(t),u(t),t)) x€R";ueR" yeR

y | [ Ch(xus)] [0 | VA 0 |
. 0 X . u x,u,
y Llfh(x,u, t) ath(gu,u,z) . ) ah(@t ) 0
z th(x,u %h(x,u . %h(x,u, .
y |=| Lh(x,uz) |+ diblens) i) |+ a"étz 2 1 (x,u,0,7)
. . . 0 :
. . . (n—2) .
(n-1) n-1 oL *h(xuyt) AL h(x,u,z) ALh(x,u,t) _ll _ " 'h(x,u,z) ( L (n-2) )
1L h(x,u,t)_ u u | T | e\ S u,ut )

) . oLk, (x,u,¢) oLk R, (x,u,¢) oLk, (x,u,t)
LR (x,u,0) oxy 0x; 0x,
il £+, (x,u,¢) oLk h, (x,u,¢) oLk h, (x,u,¢) N OLih, (x,u,¢) 0
L h(x,u,t) = : = ox, ox, ox,, f (x,u,t) th(x,u,t) = h(x,u,t)
_L?th (x,u,t)_ oLth, (xut) OLth, (x,u.t) oLth, (x,u,t)
0ox, ox,, ox,,
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L4 — State estimation in dynamical systems

Often the simple autonomous dynamical system is referred to

Cy | | Ih(x) |
x = f(x) y Lh(x)
y = h(X) y - L?h(x)
] | n)
[ o%h(x) |
F 1 OX
dy OLh(x)
d . ox
dY = J =0(x)d X O(X)z oLh(x)
. OX
d y(n—l) .
) ] oL "h(x)
| ox ]
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L4 — HOSM Algebraic Observers

Algebraic observability is related to the possibility to solve an

algebraic system involving the system input and output and their
time derivatives.

In case of linear systems, if the system is observable, there exist

r (i=12,....,p); Zp:ri =n
i=1

| |
L]

Such that 0O = Ci.A is non singular
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L4 — HOSM Algebraic Observers

Therefore the algebraic system can be solved by means of Higher

Order Sliding Mode Differentiator of a proper order

r (i=12,....,p); i’? =n

i=l1

Y, d; 0 0 u
x=07|| Vi |- Ci:B d, 0 ;
W e, A" B ¢ A"V B d||u
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L4 — HOSM Algebraic Observers

The case of nonlinear system is much more involved since the
time derivative of the output depends on nonlinear functions

involving both the state and the input

| Lh(x,u,?) 17 o0 J 0 | 0 ]
I'h (X, u t) 6L?h(§l)i,u,t) “ 8h(2,tu,t) 0
Lh(x,u,z) |+ Zbloud) - bl u + 82"5;“”) + 2 (x,u,10,7)
: : : 0 (12) : :
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L4 — HOSM Algebraic Observers

Sufficient condition for existance of a solution of the algebraic
observability problem for nonlinear system is that its dynamics can
be described by a set of flat outputs and the corresponding

squared observability matrix is non singular

r | n
[ ] T E 1 oh,(x)
yi h1<x) ax( )
: oL h(x
Vi |= th:i x) det!| —ax |10
ylr'_l) L(;i_l)hl.(x) oLV h(x)
8.x
b g
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L4 — HOSM Algebraic Observers

Consider the Chua's circuit with cubic om] X Lansmiter
nonlinearity o154
¢ dxr "
— L — a(=cry + a2 — 29) o] |
(Zt . s :
(Z;l‘g o] U
FT xry — T2 + x3 vosd
drs 0101
— = —3rs. , ,
N dt R 20 40 &0 80 100
time (s)
a = 10 (@
3 =16 =7 x, Transmitter
r _ 3 ——--X, Receiver
c=—0.143
1.0+ %
— E
y — '3 < osd §
1
/y ( ) _I_ ‘3 ;l:o 2 — 0 004 ‘E
2 1
0 20 m % o 00
time (s)
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L4 — HOSM Dynamic Observers

Consider a nonlinear autonomous system with a sufficiently smooth dynamics
x =f(x) xeR", yeR”
y = h(x) nz p

If the system is observable, its output variables dynamics can be described
as follows

| . N
- . o h.(x)
f ox
Vi oL h(x) »
Ulre] TET 50,05 n (=120ank Sren
. . i=1
(”i) :
Vi aL(ff"_l)hl(x)
| | a.x
i . | |
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L4 — HOSM Dynamic Observers

The observer is designed as a copy of the output dynamics plus a proper

affine output injection

Vi 0 ).A/l L(zhl(f()
' ' _ _ ol | Lh(®)
500 1] n(F-n) s :
o A A I I 00| | )
Yp Ollv ( -y L= :
y, 0e), b, | | Lh,®)
1 )A}p Llfhp(ﬁ)
~(n) B T :
2 * -
) ®)
§=h() Bg
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L4 — HOSM Dynamic Observers

The observer can be implemented without any transformation
~ A 1{ A
% =f(%)+ Osq(x)-BG 'V
¥ =h(%)
B is the generalised control matrix in the control canonical form

The estimation error dynamics in the output error space is defined as

_El(rl)_ L?h1(ﬁ)_l*;1h1(x)+ Vl(gl)
g0 || e (R)- Lk (x)+1,(8,) ~

el (0)- Lk (x)+v,(E))

It can be stabilised in a finite time by p HOSMC of a proper order
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L4 — HOSM Dynamic Observers

Fuel cells are electro-chemical device in which hydrogen and oxygen

reacts producing water and electricity

Angular FC.S Model

U=\Vem Motor Speed
I | m——— o
—H—(] e
[l
Hill
U

~p-{ Compressor b k-
WCP= Air flow Rate
-F

W=Ist

Disturbance

The load current depends on the reacted oxygen in the fuel cell stack

It is assumed that hydrogen pressure is constant, so that the delivered

power depends on the inlet air flow

State Estimation and FDI via SM - Prof. Elio USAI - TU Graz - June 2016



L4 — HOSM Dynamic Observers

The fuel cell model is highly nonlinear

AN AR AR o | VT |(Ba # B+ Baotx ) + By (x)+ By %, + Bl ')
1 i D em T em T - -
“FC.“R'.H JITF‘RL'.H ‘I{_‘P 'F;I'.:p h P..ﬂln r II
[ - i o~ Wy
' W= i o
¥R T X, |7 R, T YX 5
—_ ] o 2 = NI s - o 4 2
X 1= v . _n—,r.‘r.! Tﬂ'.m ?‘ir._]‘ |HP +|I‘.L Ane sl T: +K-IJJJIr P\!,r.u +£:m,-um'. 5 !-;‘-u +"&.1nr,r.nf -4 Tr J| I3 |
)
. LA

: 2 . . - 32 _ - NI o at
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L4 — HOSM Dynamic Observers

The fuel cell model can be represented in a compact form

G I I )
fz(xl,xz,x3,x4,x5) 0 0
% = fs(xlaxzax4ax5) N 0 _— n(]\)/l ;
f4(x2,x4,x5,x6) 0 |* |- 4;2 )
fs(xzax4ax5) 0 0
f6(x29x59x6) 0 0
State variables Measured input and disturbance
[, [rad /s]| ~ Compressor angular speed
P, [Pa: Pressure in the supply manifold
m,, :kg: Air mass in the supply manifold v, [V] Compressor supply voltage
Mo, :kg: Oxygen mass at cathod side I [A] Load current from the stack
my, _kg__ Nitrogen mass at cathod side
L B, [Pa_ i Pressure in the return manifold
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L4 — HOSM Dynamic Observers

An important parameter to be regulated in a fuel cell is the oxygen excess ratio

\ ”OQ in ”OQ .?,'?1( L, Lyg, X 5)
O

B H?Og react B I"J[";OQ .react (d)
It depends on the internal state that cannot be measured directly!

The system output is constituted by the easily measurable variables

‘w, [rad/s]| [1 0 0 0 0 0
y=| P,[Pa] |=|0 1 0 0 0 0O[-x=C-x
P, [Pa] | |00 00 0 1]

An observer is needed!
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L4 — HOSM Dynamic Observers

¢
We found out that the determinant C,
of this ordered square observability C V(f(x))

0, (x)=|

matrix does not vanish in a sq c,
sufficiently large set of working
conditions C3V(f(X))

1

_C3V(Lff(x))_(6x6)

The chosen outputs are sensible and quite easy and reliable to measure

and the corresponding considered observation index are
=1, rn=2, =3
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L4 — HOSM Dynamic Observers

Since the input and disturbance matrices are constant the observer can
easily implemented as a copy of the system nominal model plus the

output injection

Aldb) T ] [0 100
%, %50 5) | |0 0 0.0 0
A ]2(921»)2293249325) 0 0 « =1/ A 0 1 0
= " O R
Tl Altagag) [T o [0t (x)anaov
AR 0 0.0 0
fildnini) o] | 0 0.0 1]

The estimation error dynamics in the output error space is defined as
B[ AR ) E) o |
& |=| AR LAK)E) E=h-y  i=123)
& | [ Life®)-Lf(x)+v,(&)
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L4 — HOSM Dynamic Observers

The output injection terms are implemented by the omogeneous sliding
mode algorithms for systems with relative degree 1, 2 and 3

V1,1(‘91):_7¥1 |‘“91|0°5 Sig”(51)+‘/1,2(51):
‘./1,2(81):_7\'2Sign<81)'
Vo€~ &, sign(e,),
vz,z(ez)z—oczsign(gz).
3
V3,1(53):_61|33|3 Sig”(‘%))
1
V32(53):_Bz|‘93|3 sign(e5),
Vi3(€3)= B, sign(e;)
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L4 — HOSM Dynamic Observers

The output injection terms are implemented by the omogeneous sliding
mode algorithms for systems with relative degree 1, 2 and 3

Actual (solid line) and estimated (dashed line) X, profile
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L4 — HOSM Dynamic Observers

The estimates are used to regulate the oxigen excess ratio by
approximate SMC even in the presence of parameters mismatching and
measurement noise

Noisy (solid line) and Noise-free (dashed line) x, profile

= 8500
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% 8000} | S e B e TR e e s e
= 7500 2p

Oxygen Excess Ratio

. Noisy (solid line) and Noise—-free (dashed line) x,, profile
1 v ( ) i ( )%, P PR e SRS e SETTNE Actual stoichiometry A
— 16 2
£ 15f M 1 S . . gl
1.4 0 5 10 15 20 25 30 35 40 45
s Noisy (solid line) and Noise-free (dashed line) x., profile Time [sec]
x 10 6 (=}
1.4 = ; : : : '
T 1.3 e e e e i """"""""""""""""""
=12 @ Q:M’ N o e 1
Q ; : :
Noisy (solid line) and Noise—free (dashed line) |Sl profile ) 15k R :" N Veimd o g
105 . r T . ij \J : 5 ; : =~ = = Observed stoichiometry
2100 g 1 ...... l ....... III ....... I....<..lSe[—p0ilntva|uel |
95 L L L L 0 5 10 15 20 25 30 38 40 45
0 2 4 6 8 10 Time [sec]

Time [sec]

State Estimation and FDI via SM - Prof. Elio USAI - TU Graz - June 2016



L4 — Model-Based FDI via VSS

Model-based FDD and FDI via VSS resort to Sliding Mode Unknown
Input Observers where the compensator is designed as a switching
controller forcing a sliding mode on a properly defined sliding surface

disturbance/fault

Input Measured output
Process

HIIEENN I EEN/ I NN SN/ SN EENI S SN/ I SN IEEN/I IS I SN  EENIIEENI I EEN/IINENIINENIIN IINENIIEENIIEEEIIEEN|:

"

o | |
E Estimated output + —  QOutput s.?rmi
n |
E m Estimated state E
u | |
: -
™ =
! | |
o Estimated o
E fault/disturbance Compensator i

|
f UIO :
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L4 — Model-Based FDI via VSS

The system is strongly observable if y=0=x=0 Vd

Necessary and sufficient condition for a linear time-invariant system to be
strongly observable is that the transfer matrix between the unknown input

and the output has no invariant zeroes

Considering time-invariant nonlinear systems with disturbances
x = f(x)+ Af(x,d)
y = h(x)
Condition for the system to be strongly observable is that exist

p;: LAfL’;hl.(x,d):O (kzO,l,...,pl.—2); i=12,....p = ipl.Zn
i=l1
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L4 — Model-Based FDI via VSS

A sufficient condition for the strong observability of a dynamical system is that
a set 1* of r; coefficient exists such that

*_ * * *
r - ’/i,rzj...,rp

A set of n algebraic independent equations on the state variable only can be
defined

p
ZF; =n;p; 2 ¥ VZ}
=1

l

Y, Lih,(x) vy =(x)
y Llfh (x)
J — J :> X = ¢—1(y*)
pli L "h,(x)
jell,2,..p) : jefl,2,..p) Defines a diffeomorphism

R L (n><1) - B (nxl)
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L4 — Model-Based FDI via VSS

The system dynamics in the n-dimensional output space can be reduced into
a canonical form

i* =AY +B,- L:,;hj (x)+ LAfo_lhj (x,d)

........ R S TR
0 :
A= B. =
‘O o O‘(rfxrf) ‘1‘(”1“) .....
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L4 — Model-Based FDI via VSS

The system dynamics in the n-dimensional output space can be reduced into

a canonical form

i* =AY +B,- L:,;hj (x)+ LAfo_lhj (x,d)

........ R S TR
0 :
A= B. =
‘O o O‘(rfxrf) ‘1‘(”1“) .....
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L4 — Model-Based FDI via VSS

The system dynamics in the n-dimensional output space can be reduced into
a canonical form

i* =AY +B,- L'jhj (x)+ LAfo_lhj (x,d)

Matrices A and B are block diagonal matrices in the so called

Generalized Controllable Form

Matrix A is a square nxn matrix while B is a nxn’
n* = C&I‘d{lﬂ?j # O}
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L4 — Model-Based FDI via VSS

The observer can be designed as a replica of the nominal model plus an
additional input term: the output injection

{=1(3)+0°, ' })-B, - v[y" -¥') ¥ = h(%)
The same diffeomorphism applies for both the observer and the plant
k=0'y) ¥ =o) x=0y") ¥ =0

The estimation error dynamics in the output state space is represented by n”
independent uncertain differential equations each having order r;*

Y =Ag-¥ +B,-| @ (kx.d)|+B, vy -¥')

7 (&,x,d)= L (X)L b (x)- Ly L7 "'k, (x,d)
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L4 — Model-Based FDI via VSS

Once the sliding mode is attained in the output error state space, the state
estimated perfectly coincide with the actual state and the dynamics simplify

into

~

y

:‘A/'?*J’BG'

@’ (x,x,d)

+ By 'V(§*): B -

T

\L

?;(x.x,d)

5]* (Xa X, d) = L%) o Lf fi (X) o LAfL:;_lhj (Xa d) = _LAfL:;_lhj (Xa d)

In the sliding mode the switching output injection can be substituted by its
equivalent counterpart

v, (7))= -6, (x,x,d)= L, L] ' (%,d)

The equivalent control contains information about the fault that can be

recovered on appropriate conditions

State Estimation and FDI via SM - Prof. Elio USAI - TU Graz - June 2016




L4 — Model-Based FDI via VSS

Receding horizon analysis can be used to avoid local zero crossing
&(%.d,1)= jw(ojeq Rd0)dr j=12,... w()>0

Residual can be used to detect the faulty condition

Under the assumption  €°(%,0,7)=0

Faulty condition can be detected by threshold checking any positive definite
function can be used as the argument of &(d,¢) provided

5(d t):{l d#0 5(d,t)=b001{8*(§,d,t){w >8;4AX}
0 a=0 5(d,t):b001{8*(§,d,t){2>8LAX}
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L4 — Model-Based FDI via VSS

Once the faulty condition is detected some information from the estimated
output injection can be extracted

Location Look at arg{g;f(f(,d,t) >e, 5] =12, }
" gm u N*_l AN~ AK I"%—l A Ak I
== j s My — \Larlg J\* Vg
Identification Evaluate d=-¢ (x \Y ) LL h ( \ )
Diagnosis Evaluate and recognise the pattern of some analytic functions

Pattern of the spectrum of the Fourier transform of the output injection or of
the identified fault/disturbance

(jo)=F i (x,d,7)) D,(jo)=F {d, (1)}
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Frequency Componernt [dE]

L4 — Model-Based FDI via VSS

Stator currents power spectrum of an IM with broken bars
and transmission gears

-10
20 Broken bar components
30
How to distinguish?
40 /
oM A
80

70}

802 58 \V/ 50 80 51 \J 62 63
Frequency [Hz]
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L4 — Model-Based FDI via VSS

The dynamics of the Induction
Motor in the stator frame can
be represented by the model

X1 = ay (X3x4 —x2X5) — axxy +asTp
X2 = b1xg — brx> + byxx3+ b,_«;h‘m

{ X3 =D1x5—brx3 —b3x1x> + [}4”35
X4 = C1Xo — CoX4 — HpX | X5

| X5 = C1X3 — CoX5 + 1pX Xy

L _ 1
a 1 — n_;r:” il = ‘J& 3 = -7
by = Lol I2R,+L2Ry
1 ol [z .‘i}’] = _J‘.H—*"_ 9
sLi oL.L2 o — 1_5L
. H Lﬂ; 1 - — LJ"LS
I:-}__j — {}- E 5 ! r ;1}4 = UTE
R.
cp = fr' Lo cy = %:
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State Variables:

Shatt speed

X1
o [ Stator Currents X33
o 3 Rotor Fluxes X455
Input variables:
Load Torque 11
o 3 Stator Voltage Supply e B
Model Parameters:
Pole pairs number np
Viscous friction coefficient fv
Rotor inertia J
Rotor and stator resistance R,
Rotor, stator and mutual inductance L, g 4




L4 — Model-Based FDI via VSS

We assume that both the fault in the IM and the load torque
are unknown

r ™
X1 = ai (X3x4 — X2X5) — asx| +a

Xo|= D1xy — boxo + b3xyx3 + bylu.
Q| X3|= bixs — boxs — bixyxo + bafu.

X4 = C1X2 — C2X4 — NpX|X5
X5 = C|X3 — CaX5+ NpX1X4

\

We supply the IM with a known voltage three phase line, and
we measure the shaft angular velocity and the three phase
currents.

We want to estimate the unknown inputs, assuming to have

bounded total time derivative, on the basis of the IM model
and of the available inputs and outputs
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L4 — Model-Based FDI via VSS

Consider a replica of the nominal plant plus some additional
voltage and torque inputs to be defined

f  ~ ~ ~
X1 =dj (@M —X_zxﬁ) — dxX] +azv)

X = b1 Xy — !)2_3(2 + i")3£1,f5 + b._«;(bf‘;;(x + Vz)
&3 =b1fs — boxs — b3xy &4 + by(ugp + v3)
3(_1 — C1-X2 — CoXg — HpXyXs
X5 = X3 — CoXs +npx Xy

\

Defining the state error  ei(r) = &(f) — xi(7) i=1,...,5;
the estimation error dynamics derives

e = ayxey—ayxes+ay(vy—1p)

¢, = bies+bixies+by(vo— fpa,)

¢3 = bies—baxieq+bs(vs— fppy)

€y = —Cre4—NpXies

€5 = —Ce5+npX1ey
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L4 — Model-Based FDI via VSS

The last two rows of the error dynamics are decoupled prom the
previous ones

e = ajxey—apes+ax(vi—1r)
¢y = byeg+bsxies+by(va— fpa,)
é3 = bies —bsxjeqs+by(viz— fBij)
€y = —C204—NpX1€s
€5 = —(Cr€5+n pX1€4

and they are exponentially stable

V= €,2 -+ e2 V =e464+e565=— 2V
4 5

1
2
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L4 — Model-Based FDI via VSS

The first three rows of the error dynamics are a first order
dynamics that can be stabilsed in a finite time

d
dt”

® (f) is a vanishing term

K is a constant term

ayxzey —ajxases +az(vi—1p)
bies+ byxies +by(va — fpa,)

byes — byxies+ ba(vs — fag)

— K(¢ () +u(t)— £ (1)) 4

{

\_

u(t)=uy(t)4u>(t) \

uy (t) = —k /| z(t) | sign(z(t))
o (1) = —w sign(z(r)) , u(0) =0

w—+ Fp

W — FD /

w>Fp K >4F
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L4 — Model-Based FDI via VSS

The system replica with the three output injections defines an
unknown input observer having the following characteristics

* The output estimation errors tend to zero in a finite time
* The flux estimate tend to the actual flux exponentially
* The system is strongly detectable

* The output Injections tends to the unknown Iinputs
exponentially

We designed an unknown input observer whose output

injections can recover the unknown input as well.
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L4 — Model-Based FDI via VSS

The test was performed by means of MATLAB-Simulink implementations
using the experimental data on a test run given by the Electrical Machines

and Drives research group at the Department of Electrical Engineering, UPV,

Valencia, Spain_

Hole drilled into .'
one bar

The electrical motors
has been properly
modified to reproduce
the fault
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Current [A]

L4 — Model-Based FDI via VSS

o stator current Motor speed
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L4 — Model-Based FDI via VSS

Broken bar test Eccentricity test

Companzon belwsen current’s residuals for heallhy and fsulty machrmes Comparnson batwaan currart residual for haalthy and faulty maching
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L4 — Model-Based FDI via VSS

Broken bar test

| | w— A ochine Current|
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