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L2 — HOSM in VSS

Classical sliding mode are characterized by constraining the state evolution
onto a surface of the state space by means of a switching control

X = f(x,u,7) xe6 cR" uekR!
G ={xeR”:G(X,t)=O} 6:cR"xR" —> RY

When the differential inclusion defining the closed loop dynamics belongs to the

tangential space of the surface G, a 2" Order Sliding Mode (2-Sliding Mode)
appears

X = f(x,u,7) xelG,cR" uekR!
Gzz{xeancx,t)zd(x,t)=O} 6. cR"xR" — R’

N

The 2™ Order Sliding Mode is characterized by a n-2¢ reduced order dynamics
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L2 — HOSM in VSS

,t)=0
2 G(X )
-4 6(x,1)=0

X

3

o(x,1)=0(x,t)=0
L. . : OG 06
The constraint &(x,#)= 0 depends on the system dynamics as &(x,?)= e f(x,u,7)+ ~
X
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L2 — HOSM in VSS

Example
X, =X . L
R y| [1 1 0][x . 00 )
X, =X . =X, + , V., W, U,
,2;( y =0 e = {33 ¥
x. = f(X,u, w=-w+
: wl [1 0 of|x Y
y=x1+x2 - B T
xZ
X, +x,=0
x1+x2=0 //
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L2 — HOSM in VSS

The definition of Higher Order Sliding Mode can be extended to a r-order
sliding surface

X:fx,u,t) xeG. cR" ueR’

k
Gr:{xeR” :dzgf’t):O,k:O,l,...,r—l} 6:€R"xR* = R

o is a sufficiently smooth vector function: 6 € C'

Discontinuity appears in the r" order time derivative of ¢

The overall number of constraints must be less than the system order

n>rq
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L2 — HOSM in VSS

Definition
Let the r-sliding set Gr be non-empty and assume that it is locally an integral

set in Filippov's sense (i.e. it consists of Filippov’'s trajectories of the

discontinuous dynamic system). Then the corresponding motion of the

system state belonging to the set Gr is called r-Sliding Mode (r-SM) with

respect to the constraint function o.
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L2 — HOSMC: Problem statement

A Higher-Order Sliding Mode Control (HOSMC) system is implemented

when the control u is able to constrain the system state onto the set Gr

starting from any point in a e-vicinity of the set Gr .

Finding a control law such that it is able to enforce a r-SM on a surface in
the state space is a difficult task for generic nonlinear systems

X =f(x,u,t)

A simpler system dynamics is usually considered
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L2 — HOSMC: Problem statement

x =f(X,u,¢)
T 3 v
; 1 0
| _ 0 + I u
S| YR L TEEE)| | (xuz,)
RN = 0%, | ou

x =f(x)+g(x)u

X: state variables vector

f(x): drift vector function
u: control variables vector

g(X): gain matrix function
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L2 — HOSMC: Problem statement

Notation
h(x):R" >R =) Vi(x)= 2—h Gradient vector
X
Vi, (X)_
h(x):R"xR? >R’ ===  Vh(x)=| & [=J" Jacobian matrix
Vi, (X)_
h(x):R" >R Lh= Vh(x)-g(x) | o
g(x):R" >R’ = Lh=v(h)g(x) i=12,.. Ih=n(x) Hderivatives
h(x):R" - R’ L = Vh(x)-g(x)=J" - g(x)
o(x):R" > R” ==> ['h=v(Z'h)-g(x) i=12,.. I’h=h(x)
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L2 — HOSMC: Problem statement

The Higher Order Sliding Mode Control problem is to define a suitable

output function o(#) and a proper control law u(f) such that the state
trajectory of the dynamical system

xeR" ueR?

x = f(x)+
’ (X) g(x)u f:R" > R" g:R" > R"xR?

is constrained onto the r-order sliding surface

d*o(x)
dt*

G z{xeR”:

) :O,k:O,l,...,r—l} 6.cR"XR" > R? ueR’

from a time instant # on, possibly in finite time (tooST< 0).
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L2 — HOSMC: Problem statement

Given the control affine system

xeR" wueR?

X=f(X)+g(X)u f-R" — R" g:Rn_)Ranq

A r-order Sliding Mode Control on the surface o(x)=0 can be designed if
the following conditions are fulfilled

LgL’;G —0 i=02,..r-2 Thg Co.ntrol does not appear in the first r-1
derivatives of the system output o(x)

- Th iabl i letel
L, 'e hasfullrank e output variable o(x) is completely
controllable by the u(x) control
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L2 — HOSMC: Problem statement

Several HOSMC algorithms were presented in the literature, here are some

relative degree | sliding order feedback signals VSC main “inventors”
1 o classic 1-SMC Utkin et al.
1 2 o super-twisting Emilyanov, Levant
O;0 terminal SM Zhihong, Yu
2 2 sign(o); sign (0 twisting Emilyanov, Levant
o0 (t —T ) sub-optimal Bartolini et al.
sign|o|; sign(o); sign( &) hybrid-VSC Bartolini et al.
’ > O 3-SMO Moreno & Dochain
signio ;- signl o) hybrid-VSC Polyakov
r r ooV dynamic SM Sira-Ramirez
o0 signlo" V)| universal HOSM Levant
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L2 — Dynamic HOSMC

Dynamic Higher Order sliding Mode Control is based on the definition of an
augmented output variable

Coefficients ¢ are chosen so that the polynomial P(p) has all roots with

negative real part

The control u(?) affects the time derivative of s(x), and if it is designed so that
s(X) is stabilized to zero, each output variable o, and its r-1 time derivatives,

are stabilized to zero asymptotically
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L2 — Dynamic HOSMC

Theorem. .
Consider the system dynamics x =f(x)+g(x)u

Chose the sliding variable set o(x) such that the internal dynamics corresponding
to the output variables ¢,0,0,...,6"" s lIS.

Assume that the uncertainties are

k
< =

bounded by a known function, and HLfiH - Ak(x) k=12,..r
that the gain matrix of the input-output LLi=0 k=0l,...,r=2
dynamics is definite positive 0<A, < min{eig[Lg L;‘lg]} vxeV, Vit
Define an auxiliary output as a stable ey 2
linear combination of the sliding S(X)= 6 +ZCiG (X)
variable and its r-1 time derivatives =0
The state feedback gontrol I.a}w AF(X)+§C} AZ,H(X)Jr77
assures the asymptotic stability u=— =0 S n>0
of the r-SM on the sliding A, Is|,

surface o(x)=0
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L2 — Dynamic HOSMC

Proof.
r—2
Auxiliary sliding variable dynamics S(t)=Lio+ Y cLi'o+ L, 6 u(t)
i=0
Lyapunov function V(s)= %ST
V=s's
r=2
=2 Ar(x)+ Zcz‘Am (X)+ n
=s"-| Lo+ ) ¢ L6 - OA LL e
i=0 m

LL7e-s<-ns|, < —n\V <0

HSH

Once the condition s=0 is fulfilled, each sliding variable motion is characterized
by a asymptotically stable linear dynamics.
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L2 — Dynamic HOSMC

Dynamic Higher Order Sliding Modes are an extension of the classic 1-SM
The Higher Order Sliding Mode behavior is reached asymptotically

Perfect knowledge of the time derivatives of the sliding variable up to the r-1
order are needed

AC
o+c,o=0
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L2 — Terminal 2-SMC

Terminal 2"-Order sliding Mode Control is based on the properties of finite
time control by means of the definition of an augmented nonlinear output
variable

Coefficients p and m (p>m) are odd numbers so that the motion on the

hyper-surface s =0 in the phase space is characterized by the finite time
reaching of the origin

The control u(?) affects the time derivative of s(x), and if it is designed so that
s(X) is stabilized to zero, each output variable o, and its time derivative, is

stabilized to zero in a finite time
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L2 — Terminal 2-SMC

Theorem.
Consider the system dynamics

x = f(x)+g(x)u

Chose the sliding variable set o(x) such that the internal dynamics corresponding
to the output variables 6,06 is BIBS stable.

Assume that the uncertainties are
bounded by a known function and the
gain matrix of the input-output
dynamics is definite positive

Define an auxiliary output as a stable
nonlinear combination of the sliding
variable and its time derivatives

The state feedback control law

N

-

L?GH < Az(x)
Lo=0 vx eV, Vit

3 [z,;']

assures the finite time stability u= —[LgL’;lcr{ﬂ ﬂdz—% 4 (A2 4 n)sgn(s)} n>0
p

of the 2-SM on the sliding
surface o(x)=0
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L2 — Terminal 2-SMC

Proof.
Aucxiliary sliding variable dynamics s(t)=0+ %idiag{df%’ }(Lﬁc +L Lo u(t)
Lyapunov function V(s)= %ST x
s Lp ¢ o Lyl
V=—=s -dzag{ol. Lo+ L, L6 u(t))
B m
= l£sT : diag{&iz_% {Lﬁc - (ﬂ e (A, + n)sgn(s)ﬂ
pm p

g—ﬂﬁ‘sT‘-é%‘l <0 V620
m

6 <-nsgn(c) V=0

Once the condition s=0 is fulfilled, each sliding variable motion is characterized
by a finite time stable nonlinear dynamics.
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L2 — Terminal 2-SMC

Terminal 2™ Order Sliding Modes are the multi-variable non-singular
implementation of the “prescribed law of variation” 2-SMC

The 2™ Order Sliding Mode behavior is reached in finite time

3

Perfect knowledge of Lr
the first time derivatives
of the sliding variable o
order is needed

(==}
T
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L2 — Single Input 2-SMC

Both dynamic HOSM and terminal 2-SM are implementations of the classical
sliding mode control approach but with a peculiar sliding manifold

Several algorithms that implement a 2™ Order Sliding Mode directly have been
presented in the literature

They are based on peculiar trajectories on the (o ;3 ) plane

Because of the difficulties in defining Lyapunov functions for proving their finite
time stability, a usual first step presenteation refers to Single Input systems

x = f(x)+g(x)u xe6 cR" uekR
G Z{XERnZO'(X,t)ZO} c.€cR"xR" >R
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L2 — Single Input 2-SMC

There are two main families of “direct’ 2" order sliding mode control algorithms:

SuperTwisting: it is designed for relative degree 1 sliding surface (the control u
appears in the first time derivative of the sliding variable)

The parameter tuning is based on the knowledge of an upper
bound for the time derivative of the drift term

Only the sliding variable has to be available

Sub-Optimal: it is designed for relative degree 2 sliding surface (the control u
appears in the second time derivative of the sliding variable)

The parameter tuning is based on the knowledge of an upper
bound for the time derivative of the drift term and it can be
dynamically set to have global convergence properties

The sliding variable has to be available as well as its past values
to evaluate local extremal values
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L2 — Single Input 2-SMC — Supertwisting

G =p(e)+y(o)u u==2lo]sgn(c)-a]sen(o)d CDEnaFM

®: upper bound of the “drift” term

I, ', positive lower and upper
bounds of the gain term

The control is continuous b

The control is based on the 4
measure of the sliding variable 5L
only
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L2 — Single Input 2-SMC — Supertwisting

Theorem. .
Consider the system dynamics x =f(x)+g(x u

Chose the sliding variable set o(x) such that the internal dynamics corresponding
to the output variables 0,0 is BIBS stable.

Assume that that the sliding dynamics ‘L%O' n (LngO' n LgLfO')y N uzléo" <®d
has relative degree 1 and constant 0<T <Lo<T
bounds for the uncertain drift and gain mT e T oM
vector are known VxeV, ,Vt
Set the controller parameters such d s ~D+al
s a>—, A >2 A
that the convergence conditions are r )
fulfilled

The state feedback control law

assures the asymptotic stability u=-Ao]sgn(c)- O‘I sgn(o )dt
of the 2-SM on the sliding

surface o(x)=0
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L2 — Single Input 2-SMC — Supertwisting

Proof. ﬂ
. (7
Differential inclusion G elal, —®,al,, +®|sgn(c )—— L,.I, f
d 2.5
U>— Dominance condition | | | | | g |
L, D oo O-Mk ------------- —

15 F
Convergence condition

{Lia +(LiLyo + L Lo+’ Lo < ®

1 -

0.5
0<T, <Lo<T, |
() O + ol
a>—, A >2 M
Fm m 05_
!
‘GMM SP‘GMk’ pE(O,l) 1 T E S S S T R VRN PR

A geometric convergent series of extremal points is generated and the 2-SM is
achieved in a finite time
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L2 — Single Input 2-SMC — Supertwisting

The Supertwisting 2™ Order Sliding Mode Control algorithm is based on
mixing a nonlinear finite time first order feedback and an asymptotic second
order switching logic

The reaching phase are characterized by a smooth twisting around the origin
of the 0,0 plane

The Supertwisting algorithm is effective for SISO systems having relative
degree 1

The 2_SM feature allows for easy implementation of an exact finite time
convergent first order differentiator
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L2 — Single Input 2-SMC — Supertwisting

For the Super-Twisting applied to a class of uncertain systems it is available a
convergence proof based on a strict Lyapunov function.

Consider the system x(t)=f(x(t))+g(x(2))ult)
Define the sliding variable o(t)=ox(t)|

such that 0<I',<L,o(x(t))<I,

Then the sliding dynamics is o(t)=L,o(x(t)|+L,o(x(t))ult)

Defining the control as the STA (.)-(t>:LfO-_}\'|O-|2 Sign(O>LgO +LgO*V(f)
the system dynamics results (¢ =—k, sign (o)
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L2 — Single Input 2-SMC — Supertwisting

Define the auxiliary variables

zl(t) IO“Ié_Slgn(O' t )
z,(t)=L 0 (x(t))+L, o (x(t))*v(t)
T sl dyanics s )=o)zl 6t0
where z(t)Z[Zl.(t) Zz(t)]T _
||zl 1
A(Z‘)ZW 2 2
_—ocy(t) 0
| 0
Gl)= cﬂ(t)]
o(t)=Lo(x(t)+(L,L,o(x(0)+L, Lo (x(t))ult)+u’(¢) Lo (x(t))
y(t)=L,0(x(t))
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L2 — Single Input 2-SMC — Supertwisting

Define the scalar function V()=z"(¢)Pz(¢); P=P">0
Its time derivative results to be

V(t)=7"| A" () P+P A(1)|z(1)+2G(¢)Pz(¢)

It will be a Lyapunov function provided that the following conditions are
fulfilled

2 Q(t)z(t)-G(1)Pz(t)>0; V(1)
A (t)P+P A(1)==20(t); Q(1)=0"(1)>0

Such a “robust” Lyapunov equation has been solved for the case of constant
gain, which is useful for observers design, i.e.,

ynga(x)zfmzconst.
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L2 — Single Input 2-SMC — Sub Optimal

a(t Usgn

= ple)+ ok { “

0,1

®: upper bound of the drift term

I, ', positive lower and upper
bounds of the gain term

The control is discontinuous

The control is based on the
estimation of the local maxima,
minima and first order flex
points

Higher Order SMC in VSS

ﬁGM D
ﬁGM w20 v _m
—poy, )GM <0 o € [1'—!—00) N 20 + T, UL~ ﬂ)'—l—oo
’ ru(l+p) °’

LN

0 ( AN N
RNV Y
\
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L2 — Single Input 2-SMC — Sub Optimal

a(t sgn ,BGM

1 G ﬁGM)GM >0
ﬂGM)GM <0

01

. modulation parameter

[3: anticipation parameter 3

(oldt

U: gain parameter

The proper tuning of the
anticipation parameter
allows for counteracting the | | | | | .
peaking phenomenon N é 2 4 6 |
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L2 — Single Input 2-SMC — Sub Optimal

— increasing Vwm

sliding variable derivative

— reference

elidinn variahle
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L2 — Single Input 2-SMC — Sub Optimal

Theorem. .
Consider the system dynamics x =f(x)+g(x u

Chose the sliding variable set o(x) such that the internal dynamics corresponding
to the output variables 6,06 s ISS.

e

ﬁ\ssumle that tgat the Szlidin% dynamics L?UH <®

as relative degree 2 and constant -

bounds for the uncertain drift and gain 1l =0 vxeV,,vi

vector are known \O <I,<LLo<T,

Set the controller parameters such o _ 20+, U(1-B)

that the convergence conditions are v >F—m’ @ € [t5+0) 0 roi+p)

fulfilled

The state feedback control law u =—a(t)Usgn(o - fo,,)

assures the asymptotic stability Be(od). al) 1 (6-pBo,)o, =0
T - . =

of the 2-SM on the sliding 7 a (oc-po,)o, <0

surface o(x)=0
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L2 — Single Input 2-SMC — Sub Optimal

Proof.
0 . n :
U> T Dominance condition oL
gk
Convergence condition Sl
Ee[l;+oo)ﬂ 2(I)_'_FMU(I_ﬁ)&oo T
rU(l+p) af
1 5 -
6 F
‘GMM < p‘aMk , PE (0,1) gk | | | . . . . : :
. 4L i i i i | : i i
. Ou, o e YD -T U
‘GMk‘ < \/ 2(1 - p )(FMU + CD)‘GMk ) S prp———" A R T A M
b 4 2 0 2 4I b 8 10

-10
-8

A geometric convergent series of extremal points is generated and the 2-SM is
achieved in a finite time
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L2 — Single Input 2-SMC — Sub Optimal

The Generalized Sub-Optimal 2" Order Sliding Mode Control algorithm is based
on a switching logic based on the memory of past values of the sliding variable

The values G, can be ideally evaluated by looking at the past, or by checking
the time instant at which the time derivative of the sliding variable vanishes

The reaching phase can be characterized by twisting around the origin of the 0,0
plane, or by monotonic convergence of the sliding variable

The Generalized Sub-Optimal algorithm can implement the Sub-Optimal ([ =7%)
and the Twisting algorithms by proper tuning of the parameters

Condition for monotonic convergence a € [1;+o0) m(q) i (;; /;])FMU ;+ooj
p=0
Condition for Twisting algorithm 7 2e+L,U

ruU
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L2 — Single Input 2-SMC — Sub Optimal

The parameters of the Generalized Sub-Optimal 2™ Order Sliding Mode Control
algorithm can be adjusted to guarantee the global convergence property

Global convergence can be lost because of the peaking phenomenon that is
usually related to large values of the time derivative of the controlled output

Anticipating the switching will cause a reduction of the values

G |<\20-pACU +@)o,

Very small values of 3 will cause very slow convergence to the 2-SM

al’ +T,, \/2(1—,3)‘%4,1‘ 1
T,<7,+U—"
arU-o\ o+n,U @ +[(1- ), —apr, U]
al, U —®
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L2 — Single Input 2-SMC — Sub Optimal

The gain U and the anticipation S of the Generalized Sub-Optimal 2" Order
Sliding Mode Control algorithm are adjusted at any local extremal value of o

‘Lia‘ < ¢(6,d) o . )

0< I < LgLfG <I, (G,d) u= M, Slgn(a ,BkGMk )
2 1

P = ma}{%;l_ 2(¢, +nkaUMk )] Uy, > F—Mk( e T %772)

A prediction of the steepest transient is performed to evaluate the right control
gain and anticipation in order to limit the magnitude of the time derivative of o
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L2 — Single Input 2-SMC — Sub Optimal

An illustrative example

............

output

algorith

m

0 0.5 1
time [s]

The red line shows the case of a more

of the sliding variable

1.5

plant control

STD sub-optim aléa\gorithm

time [s]
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L2 — MIMO 2-SMC — Supertwisting

The case of MIMO systems with a Super-Twisting-like algorithm was solved for
the case of known perturbed systems, such that the sliding dynamics can be
reduced to

o=y a(f)tn)oj+z(t)—k20(t)+y(t,a) -
T lyl<d,llo
2(t)=—k3m—k40'(t)—l—¢(t) ||¢||362
_ r 1 7 o(t) ! ol(t)
Vio,z)=2kllo(t)l|+k,0 otz ot leG(t)”O_S—z(t)Jrkza [le(j(t)Ho_s—z(t)Jrkza

is a Lyapunov function for the sliding dynamics provided that
k28,0 ky>28,; ky>max kS kY| k,>max| kS, kY|

05’ %kiéf %kiél—zkfkﬁkzaz
Q 2 v
k3 2362+—2; k3= + :
1 k([ k=20, (k,—28,)

15k2438,k, . 3

v 4.5k183(2k,+8, [ 2k38,+0.25k, ]
L O ST N S
kyki—285-38,k,

kz(kz—zal)[léki(k3+2k§—62)—k2(32k3+8k3)al—9kfaf}+ k, =29,

ki
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L2 — MIMO 2-SMC — Sub Optimal

The case of MIMO systems with the Sub-Optimal algorithm was solved for a
class of unknown systems, such that the sliding dynamics can be reduced to

F(t)=F(x)+G(x)u(t) o,ucR?;

o, if|o.—050, |0, —0.1>0

Choosing u(t)=V,,diag{a,(t)sign a—loM al.(t):{’ f[ ’ M][ ]
2 1 zf[al.—O.S aMi][aMi—ai]sO

the sliding dynamics is stabilised if the gain matrix is “sufficiently” dominant
diagonal’, i.e.,

4 3g..
g,1> 2. gl gy<——— Vi j=12,.4q
and ¢ ¢
max r F’ 4F1 \ IZ:#I' gl] 3&_4 ZIZ:;EZ glj
VM— [8,‘1] (Jg ; gj_ J 8>0
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L2 — MIMO 2-SMC — Twisting

The case of MIMO systems with the Twisting algorithm was solved for a class of
unknown systems, such that the system dynamics can be reduced to

w(t)=h(w(t),o(t),o(t) N ;o
&5(1)=B"(w(t),0(c)[@(w(e), o (t), & (¢))+ult) weRT, o ERL n=mty

satifying the following assumptions

< ; < A < Initial conditions are within a
”G(O)HI = 00 ”G(O)HI = 00, ”W(O)Hl = Wo known bounded domain
|b.¢',.j(ﬂ*, W)l < OB (HU ”1 + HW”l) + PB, The elements of B and the eigenvalues

: of its simmetric part are bounded by
0 <yo < Aps(o,w) <mps (o1 + [[W][1) +11 know class-K functions

|V (o,0,W)|1 < ko+ k1 (|lo]||1 + |lo||]1 + ||w|l1) The drift term and the time variation
. . . of B are bounded by know class-K
IB(o.a.W)[l1 < k243 (flofli + ol + (w1 functions

[w(®) |1 < x4 ([[WO)]1) + &5 ( sup |[o(7)|1 + sup IId(r)Ill) The internal dynamics are ISS

0<t<t 0ttt
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L2 — MIMO 2-SMC — Twisting

The case of MIMO systems with the Twisting algorithm was solved for a class of
unknown systems, such that the system dynamics can be reduced to

w(t)=h(w(t),o(t),o(t)

&5(1)=B"(w(t),0(c)[@(w(e), o (t), & (¢))+ult) weR™, 0 eRY n=mtq

Under the previous conditions the system is stabilizable by means of

u(tr) = —a sign(o) — b sign(o)

2nR
[ = |
h>T Ko + k1 (9o) + (k2 + k3 (¢o)) \/7?}

i r R—I— ZHR—i—K‘ (wo) + K R+ 2nR
@Yo = — — J 5| — — ],
a>b -+ 0 p Yo 4 \Wy 5 p o )

1 )
R = ??Rﬂ:H[E[mlsﬁiﬂu+wt})+]f1]ﬂ§+ﬂﬂﬂ .o on>1
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L2 — Single Input 3-SMC

The 3™ Order Sliding Mode Control refers to systems whose sliding variable has
relative degree 3 with respect to the (discontinuous) control variable

LLic=0 i=0, L Lo #0

The main point is to design a control law with the less measurement demand as
possible

Find a finite-time stabilizer that depends only on the sign of the phase variables

u(t) = ulsign(c), sign(c ), sign(5 )]
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L2 — Single Input 3-SMC

The considered 3™ order dynamics dynamics has known constant bounds

Lio|< @ LLo=0 i=0,]1 0<T,<LLo<T,

A “switched” sliding-mode controller commuting between two structures:

Anosov unstable Generalized Twisting
[AU] [G-TW]
u =—Usign(o) u=-Usign(oc)—-U,sign(c)
S
U>(D/Fm Am[U1+U2]_CD>FM[U1_U2]+(D
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L2 — Single Input 3-SMC

What is the system behaviour under the separate action of the two
considered “structures” ?

Anosov unstable .
AU u=-U,sign(o)

The appearance of a sequence of
zero crossings is ensured.

Eltzi i =12,...,0
G(tzl_)Z 0

The sliding variable features
unstable oscillations around zero.

&t 5t ) o
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L2 — Single Input 3-SMC

What is the system behaviour under the separate action of the two
considered “structures” ?

Generalized Twistin 1 , : 1 .
G-TW J U= _E(Ul +U2)Szgn(s)—5(U1 —Uz)szgn(s)

o and & both converge to zero in
finite time

¢ converges to a constant value o,
(not necessarily zero)

N

U/ - O

|

el b}

(0,,0,0) is said to be an “equilibrium point”
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L2 — Single Input 3-SMC

What is the system behaviour under the separate action of the two
considered “structures” ?

G lized Twisti 1 P | C
enera |zg_TVv\\//|s ing Y = _E(Ul +U, )Szgn(s) — E(Ul ~-U, )szgn(s)

o and & both converge to zero in
finite time

¢ converges to a constant value o,
(not necessarily zero)

(0,,0,0) is said to be an “equilibrium point”
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L2 — Single Input 3-SMC

The 3™ Order Sliding Mode Controller switches between the two structure
according the represented automaton

INITIALIZATION

| !

Structure GTW Structure AU

|

Lero crossing of s

Lpuetlibrinm poini

AU always leads to a zero crossing
The “event-driven” controller is
[
G-TW always leads to an eq. point never “blocked”
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L2 — Single Input 3-SMC

Theorem. .
Consider the system dynamics x =f(x)+g(x u

Chose the sliding variable set o(x) such that the internal dynamics corresponding
to the output variables ¢,0,0 is BIBS stable.

e

ﬁ\ssumle that tgat the Sslidin% dynamics LiUH <®

as relative degree 3 and constant B B

bounds for the uncertain drift and gain Voo = Lelyo 2_ 0 VX eV, Vi
vector are known \O <I,<LLo<T,

A =yt ® o LU +P

Define the parameters A "'TU-® P TU,-®
1 LU -o r,U,+®

Aj=—22l — A =M27 -
r,U,+® ruU,-®

Chose the contraction rate g<(0,1)
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L2 — Single Input 3-SMC

Theorem, cont.

The state feedback control law assures
the asymptotic stability of the 3-SM on
the sliding surface o(x)= 0, if the
controller parameters are chosen
according the following design steps

1) Set

2) Set U2 sufficiently large so that

3) Set U] sufficiently large so that

U= —%(U1 + UZ)Sign(é) —%(U1 —Uz)sign(b')

U°>F—

O<2\/A72<g

AB+24,)+2,A,(1+24,) <&

JA (2 -1)> A,
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L2 — Single Input 3-SMC

The proof is base on finding the conditions on the control parameters such that a
series of contracting equilibrium points is enforced .

G, <élo.,| i=012,...

e,i+l

A typical time-evolution of
the sliding quantity
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L2 — Single Input 3-SMC

The Hybrid 3™ Order Sliding Mode Control algorithm is based on switching
between an unstable controller and a stable controller that in general force the

closed loop system onto an equilibrium point with o # 0

A reduced amount of information is required

A specific care must be devoted to identify the reaching of an equilibrium point

Tuning is quite easy if the step of the procedure are carefully performed

The approach has been extended to arbitrary order relative degree systems
by a recursive implementation of the simple 3™ order approach
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L2 — Arbitrary Order SMC

The Arbitrary Order Sliding Mode Control laws are based on a recursive
algorithm deriving form the “prescribed law of variation” 2-SMC

A r-SMC algorithm needs the knowledge of the sliding variable, of its r-2 time
derivatives and the sign of its r-1 time derivative

It is almost always associated to an arbitrary order differentiator

As for the Dynamical Sliding Mode Control it is assumed that the time
derivatives of the sliding variable are available

Several implementation were presented trying to get a smoother reaching
phase
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L2 — Arbitrary Order SMC

Consider the nonlinear system x = f(x)+g(x)u

LLio=0 i=12,..,r-2
Define a suitable output o(x) 1
LL o#0

Calculate m as the least common multiplier of 7,2,3,...,r

Define the quantities

Define the hyper-surfaces
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L2 — Arbitrary Order SMC

From the definitions it is clear that

G, =0=0,, >0 i=12,...,r—1

r t_)Tr—l—i

Example r=3

m=2-3=6
Nl’rz‘a%

6 .16 ]
N2,FZQGA+GA)/6
¢O,r:G
D, =d+,810%sgn(a)

. o 1%V . Y,

D, =G+ﬁzqd ’ +‘G 2ysgn(a+ﬂ10' 3sgn(o'))
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L2 — Arbitrary Order SMC

Lo|| <D
0<T, <L o<T,

If the sliding dynamics is bounded {

The differential inclusion defining the sliding variable dynamics is

o el-o+0]+[C T, I

The controller u=-a sgn(CPr_l,r (G,d,. .. ,G(H)))

with parameters « and 'B,- sufficiently large will force cbr_l . to zero in finite

time.

Then the “cascade” convegence will be established.
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L2 — Arbitrary Order SMC

The coefficients appearing on each qb are such that the closed loop
dynamics has homogeneity properties

A vector—set field F(x) : R" — R" is called homogeneous of degree g € R

with the dilationd : (x, x, ..., x)— (x]””, x2m2, o, X ™M), mi € R, if the

following identity holds
F(x)=x"d_'F(d x) Vi>0

A differential inclusion X € F(x) is called homogeneous of degree g € Rifit
is invariant with respect to the combined time—coordinate transformation

A (5, x) >(k ¥, d x)
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L2 — Arbitrary Order SMC

The homogeneity property implies the finite time stability once the
contraction is proved

Coefficients ﬁl_ can be defined once and the only tuning parameter is «
depending on the bounds of the uncertain dynamics

r=1. u= —asign(s)

r=2. u=—asign(s+ |s|'/?sign s)

r=3. u=—asign(s+ 2(|5]* + |s|?)"/5sign(s + |s|*>/*sign s)
r=4. u=—asign{s® 4+ 3(5° + s* + |s]?)V/2sign[5+

.

(5% 4 |s]?)Y/Osign(s + 0.5|s]*/4sign s)] }
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