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Triangle ADBC has a right angle (0”) at C and sides of length a,b,c. The trigonometric functions of
angle A are defined as follows.
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For an angle A in any quadrant the trigonometric functions of A are defined as follows.

TRIGONOMETRIC FUNCTIONS

sin 4

cos A

tan 4

cot A

sec A

esc A

= ylr
= zlr
= yla
= zfy
= rlx

= rly

A radian is that angle ¢ subtended at center O of a circle by an are

MN equal to the radius »,

Since 27 radians = 360°

5.13 1 radian

we have

= 180°/= = b7.29577 95130 8232...°

2.

Consider an =y coordinate system [see Fig. 5-2 and 5-8 below]. A point I” in the 2y plane has coordinates
(x, y) where z is considered as positive along OX and negative along OX’ while y is positive along OY and
negative along OY’. The distance from origin O to point P is positive and denoted by r = Va2 + 32,
The angle A described counterclockwise from OX is considered positive. If it is described clockwise from
OX it is considered negative. We call X’0X and Y'OY the 2 and y axis respectively.

The various quadrants are denoted by I,II, III and IV called the first, second, third and fourth quad-
rants respectively. In Fig. 5-2, for example, angle A is in the second quadrant while in Fig. 5-3 angle 4

is in the third quadrant.
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Fig.5-2 Fig. 5-3
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5.14 19 = /180 radians = 0.01745 32025 19943 29576 92, . .radians
Fig. 5-4
515 tana = Snd 519  sin®A +cos?d = 1
cos A
g, _ceond e & e
5.16 mA-—-—mA—inA 520 gec?d —tan?d = 1
ST o =
5.17  gecd = =35 5.21 cselAd —cot?A =1
L
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I * . - - 0 5
1to0 0to~1 - to O 0to == ~utn =) 1to =
11 3 o 15 4 2 -
0to—1 -1to 0 Oto= = to 0 -1 to —= =00 tg =1
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iﬂ‘;’m‘:‘ i:‘;ﬂ;‘:! sin 4 cos A tan A cotd secA aeed

0° 0 0 1 0 » 1 o

15° 12 | $VE—vE) | HVB+VE) | 2-vE | 2+VE | VB-v2 | VE+E
30° w/6 by 33 13 Vi 3vE 2

450 /4 e 12 1 1 vz V2

80° w/3 V3 ¥ V8 L] 2 33
5° 6r/12 | J0VE+VE) | HVE—VE) | 2+VE | 2-VE | VE+vEZ | VE-V2
90° /2 1 0 *u 0 o 1
105° wh3 | J0/E+VE) | —3VE-VE) | —@+V3) | —2-VB) | ~(/E+V2)| VE-VR
120° 20/8 P -3 -3 -1V3 -2 §v8
185° Sa/d 2 -2 -1 -1 /2 vz
150° B=/6 3 -3V3 -4z -3 -3V3 2
165° /12 | J/6-V2) | —1VE+VE) | —2—VE) | —@+VE) | ~(VB-VE)| VE+ V2
1 |« 0 1 0 5 g iw
195° | 18¢12 |-3(VE—vE)| -3/EB+VE) | 2—-VB | 2+VB |-0/6-V2) | —(VE+VE)
210° T2/6 -3 —4V8 33 V3 -3vE -z
225° 5a/4 —3vE -4V2 1 1 -V2 vz
240° 4x/3 —3v8 -3 V3 e -2 ~3V3
265° 112 |—}HVE+V2) | —1VE—=VZ) | 24V3 | 2—vB |—(VB+VE) | -/B—VT)
270° 3r/2 -1 0 e 0 Fe e §
285° 1912 |—40/6+V2) | J0/6-V3) |—@+VE) | —@-vE)| VB+VE |-(/6-V2)
300° 5r/3 -3 3 -VE e Ve 2 —-3V3
315° Tr/4 —3V2 12 -1 -1 ) -z
330° 11a/8 -4 3B —4V3 -3 33 -2
845° | 280:/12 |—}0/B-VZ) | $V/B+VE) |~2-V3) | -@+VE) | VE-VE |- (/E+VE)
360° 2r 0 1 0 Fo 1 Fw

For tables involving other angles see pages 208-211 and 212-215.

14 TRIGONOMETRIC FUNCTIONS

In each graph « is in radians,
522 y = sinz 523

NN TIRCA

Fig.5-5 Fig.5-6
5.24 ¥y = tanz 5.25 v = cote
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5.26 ¥ = secx 527 y = csex
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Fig.5-9 Fig. 5-10
528 sin(—4) = —sind 529 cos{—A) = cosAd 530 tan(—4) = —tand
5.31  cse(—4) = —cscd 532  sec(—A4) = secA 533  cot(—4) = —cotd
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) 5.38 sin24 = 2sinAcosd
i ' snfd2B) = dadond opdsins 5.39 0824 = cos?d — sin’A = 1 - 2sin’A = Zeos?A — 1
5.35 cos(A=xB) = cosdcosB ¥ sind zsinB 5.40 tan24 = 1—-%
' _ tand *tan B
oy tan{d=8) = {tendwnB _
" _ cotdcotB=F1
5.37 SRARE N Rokd
A 1 —cimd + if A/2 is in quadrant I or IT
5.41 siny = EAl=—— g !
2 _—ifAlEumq‘udﬂntIIlorIV
+ if A/2 is in quadrant I or IV
542 cosd = wqfliced e
1 2 2 — if A/2 is in quadrant IT or IIT
E xen 4 1 —cosd |+ if A/2 is in quadrant I or III
_ ¥ 0y T “VTIFesd |—ifA/2isin quadrant IT or IV
90° = A 180° = A 270° = A k(360°) = A4 sin 4 1—cosd )
—-A T g 3r 2w + A = = = gscdA — cotd
BIA rx A 2$A § = teaged 14+cosd sin4d
J = | ek [ | s ¥ ] - G e weis bovoias 5 TR
cos cos A +8ind —cos A *ginAd cos A
' tan —tan 4 Feotd = tan A =eot A =tand 5.44 gin84 = Ssind — 4sin?4d
ese —esc A sec A Fesc A —sec A *esed 545 . il = daddi i
Bec gec A FescA —sec A *escd sec A "
5.46 tngs = Bisnd o tembid
eot —cotd Ftan A “eotA Ftand *cot A 1—38tan?d
5.47 sin4dd = 4sind cosA — 8sin34 cosd
5.48 cos4d = Beos'd — Bcos?4 + 1
o 4tand — 4 tan A
. tndd = T trd A
5 i Lo O reNC I OF ANGLNS wiaUABRAMI R 550 A = BunA = 2t A 10 A
5.51 cos5A = 16cos’A — 20 cos®Ad + 6 eosd
5.52 tanbd = tan® A4 — 10 tan® A4 4+ 5tan A
sind = u cos A =u tanAd = n cotA =u secd =u cscd=u 1—10tant A + 5 tan A
See also formulas 5.68 and 5.69.
sin 4 u V1—u? w1+ u2 11+ u2 V= 1/u 1/ ;
o (e ESC D R B AR o meosomme e
tan A w/v1l—u? 1—u?/u u 1w ut—1 1Wur—1
cot A V1—u¥u w1 = ut 1/u u 1hWet—1 Vui—1 o sintA = § — foon2d 5.57 simtd = §— jeos24 + jeosdd
5.54 = § =
sec A IWT—d 1/u Vitw VITutiu u V=1 WL LA, = |3 foubd s sk Tl R it e iy
5.55 indd = ind — in 84 5.59 sinfd = A — +
escd 1/u Wi—w | I+l Vit wWVE—] x : : FERd i Epd il - il
: ] 556 cos’A = JcosA + }eos3d 5.60 cos’A = feosA + fycos3A + iy cosbd
For extensions to other guadrants use appropriate signs as given in the preceding table, See also formulas 5.70 through 5.73.
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5.61 sind + sinB = 2sin}(A +B) cos J(4 — B)
5.62 sind — sinB = 2 cos}(A+ B)sin{(A —B)
5.63 cosA + cosB = 2cos (A + B) cos J{4 — B)
5.64 c0sA — cosB = 2sin }(A + B) sin }(B— A)
5.65 sind sinB = lleos(d —B) — cos{4d + B)}
5.66 cosA cosB = J{eos(4d —B) + cos(4d + B)}
5.67 sind cosB = }isin(A—B) + sin(4 | B)}

“;3)(2205_4),._5 - }

569 cosnd = %{(2 cos A)n — "%(2::0514)“" + %(”I“)wmdpn—a

N g(nzﬂ)(gmm.-. i }

568 sinnd = sind {(2 cos A)n=1 — (‘;’)(2 cos A)n-3 +(

18 TRIGONOMETRIC FUNCTIONS

Principal values for = = 0 Principal values for # < 0
0 = sin~lz = #/2 —f2 = sin~'e <0
0= cos—la = 5/2 w/2 < ecos~lx S g
0= tan~'x < #/2 —/2 < tan—taz < 0
0<cot la = /2 wf2 < eot=lz < 7
0= seclz < =/2 /2 < s~z =
0 < escly = o/2 /8 = cse”'w < 0

In all eases it is assumed that principal values are used.

5.70

574 sin=lg + cos~lx = «/2 5.80 sin~1(—2) = =—gin~lz
575 tan~la + cot~lx = /2 5.81 cos~'(~x) = 7w — cos~ 1z
576 seclz +eselzx = =/2 582 tan-1(—z) = —tan~'z
877  csclx = sin~!'(lfx) 583 cot-l{—r) = =7 — cot lzx
578 ec”la = cos~1(l/x) 584 gec'(—2) = r — sec”lz
579 hwf."”x = tan—1(1/z) 585 csc l(—x) = —ecse-ly

gnIn-14 = %?:T"{m(zn—m = (2”;1)sln(2n-—a),4 o wE 4_1)H(f:‘:11)sim}

571 cosm-1A = 2‘:‘_1{eos[2n—l)¢4 + (“;‘)mwnus)A + oo (2:__11)"-%&}
572 sin4 = ﬁ( ) = {mzu (21')m(2ﬂ—2)4 C R 1—1)""1( znl)mﬁ}
573  costnA = E( ) {mm § (21") cos @n—A + -+ + (‘2_"1).:”2.-.}

If « =siny then y=sin"1z, ie the angle whose sine is z or inverse sine of x, is a many-valued
function of x which is a collection of single-valued functions called branches. Similarly the other inverse
trigonometric functions are multiple-valued.

For many purposes a particular branch is required. This is called the principal brmk and the values
for this branch are called principal values.

In each graph y is in radians. Solid portions of curves correspond to principal values,

586 y = sin"'z 587 y = coslx 588 y = tan—lgz
¥ ¥ W
ik L
\'\
\ ..”J/
/2 " - 7
s bod z L
-1 o 1 -1 4] ,l'l 0
’
s
P
! —wf2 _'n/’ —rf2 —
\ Iy e
\\ f
X /
i o

Fig. 5-11 Fig. 5-12 ; Fig.5-13
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589 y = cot iz 590 y = sec—lz 591 y = cse-'w

¥ B v - v

The following results hold for any plane triangle ABC with
sides a, b, ¢ and angles A, B, C. A

592 Law of Sines

593 Law of Cosines
) ¢ = a®+ b2 — 2ab cosC
with similar relations invelving the other sides and angles.

a+b _ tan }{4d +B) B
=% " WajA-B
with similar relations invelving the other sides and angles. Fig.5-17

5.95 sind = =Vae-ale— D=0
where 8= }{a+b+¢) is the semiperimeter of the trinngle. Similar relations involving angles
E and € can be obtained.

See also formulas 4.5, page 5; 4.15 and 4.16, page 6.

Spherical triangle ABC is on the surface of a sphere as shown
in Fig. 5-18. Sides «,b,¢ [which are ares of pgreat circles] are
measured by their angles subtended at center O of the sphere. 4,B,C
are the angles opposite sides a, b, ¢ respectively. Then the following
results hold.

5.96 Law of Sines

5.97 Law of Cosines
cosa = cosbceose + sinbsineccosd
- cosd = —coaBcosC + sinBsinCcosa
with similar results involving other sides and angles. Fig. 5-18

20 TRIGONOMETRIC FUNCTIONS

5.98 Law of Tangents
tan}(A +B)  tan f{a+b)
tan §(4 —B) — tanla—b)
with similar results involving other sides and angles.

é _ sin 5 sin (3 — ¢)
il %3 = N sinbsinc

where & = J{(a+ b+¢c). Similar results hold for other sides and angles.

1 o _ cos (5 — B) e (S —C)
408 hy \’ sin B sin C

where 8 = H{A + B+ C). Similar results hold for other sides and angles.
See also formula 4.44, page 10.

Except for right angle C, there are five parts of spherical triangle A BC which if arranged in the order
as given in Fig. 5-12 would be a,b,4,¢, B.

c a

[
Co=0

Fig. 5-19 Fig. 5-20

Suppose these quantities are arranged in a circle as in Fig. 5-20 where we attach the prefix co
[indicating eomplement] to hypotenuse ¢ and angles A and B.

Any one of the parts of this circle is called a middle part, the two neighboring parts are called
adjacent parts and the two remaining parts are called opposite parts. Then Napier's rules are

5.101 The sine of any middle part equals the product of the tangents of the adjacent parts.
5.102 The sine of any middle part equals the product of the cosines of the opposite parts.
Example: Sinece co-A =90° — A4, co-B = 909 — B, we have

sina = tanb tan (co-B) or sina = tanb cot B

gin (co-4) = cosa cos (co-B) or cosd = cosasinD

These can of course be obtained also from the results 5.97 on page 19.
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hwm;;hmmmberiumunllywritten as a + bi where @ and b are real numbers and i, called the
imaginary unit, has the property that 2 = —1. The real numbers e and b are called the real and imaginary
parts of a + bi respectively.

The complex numbers a + bi and a — bi are called complex conjugates of each other,

2

; a+bi =¢+di ifandonlyif a=¢ and b=d

o

2 (a+bi) + (e +di) = (at+e) + (b+d)i

o

.3 (@a+bi) —(e+d) = (a—e) + (b—a)i

£

{a+bi)o+di) = (ac— bd) + (ad + be)i

o

c+di  c+di c—di A+ d 4+ a4t

Note that the above operations are obtained by using the ordinary rules of algebra and replacing i by
—1 wherever it occurs.

5 atbi _ atbie—di _ ac+bd (bc—ad)i

21

22 COMPLEX NUMBERS

A complex number o 4+ bi can be plotted ns & point (, b) on an
zy plane valled an Argend diagram or Gaussien plane. For example
in Fig. 6-1 P represents the complex number —3 + 41,

A complex number can also be interpreted as a wvector from
OtwP.

In Fig. 6-2 point P with coordinates (x, ¥) represents the complex ¥ (z, )
number x + iy. Point P can also be represented by polar coordinates P
(r,#). Since # =rcosd, ¥ =rsing we have

¥
6.6 x +iy = r(cosé + isina) é .
x
called the polar form of the complex number, We often call r = V2 + 32 ol
the modulus and # the amplitude of = + iy.
Fig.68-2
6.7 [rylcos @) + i sin 8y)][r;(cos @, + i sin 8)] = ryryfcos (8; + #y) + i sin (8, + 8g)]

7ry(cos #; + isin#y)

. - i s
m = 2 [m (#, 9;) 4+ 1 sin (’1 03}]

If p is any real number, De Moivre’s theorem states that
6.9 [r{cose + isine)]? = r{cospe + i sin ps)

If p=1/n where n is any positive integer, 6.9 can be written

8+ 2hex o 0 2ka
o T isin n]

6.10 (Mcose + isma)]n = ri/n [m

where k is any integer. From this the n nth roots of a complex number can be obtained by putting
k=0,1,2,...,n—1.




| i

In the following p, ¢ are real numbers, a, b are positive numbers and m,n are positive integers.

7.1 aP=al = grta 7.2 aP/a? = aP~ 2 7.3 (ar)a = g
7.4 =1 a#0 7.5 a~" = 1/av 7.6 (ad)? = arb®
77 Va=aun 78  Yar=amin 79 Vab=Yalvh

In a®, p is called the exponent, a is the base and P is called the pth power of a. The function y = a=
is called an exponential function.

If @» =N where a+ 0 or 1,then p = log, N is called the logarithm of N to the base a. The number
N = a» ie called the antilogarithm of p to the base @, written antilog, p.

Example: Since 32 =19 we have log;9 = 2, antilogz2 = 9.
The function v = log,» is called a logarithmic function.

7.10 log, MN = log, M + log, N
M

7.1 loga; = loga M — logs N

7.12 loga M? = plog, M

Common logarithms and antilogarithms [also called Briggeian] are those in which the base o = 10.
The common logarithm of N is denoted by logyg NV or briefly log N. For tables of common logarithms and
antilogarithma, see pages 202-206, For illustrations using these tables see pages 194-196.

24 EXPONENTIAL AND LOGARITHMIC FUNCTIONS

Natural logarithms and antilogarithms [also called Napierian] are those in which the base ¢ =¢=
2.7182818...[see page 1|. The natural logarithm of N is denoted by log, N or In ¥. For tables of natural
logarithms see pages 224-225. For tables of natural antilogarithms [i.e, tables giving e* for values of z)
see pages 226-227. For illustrations using these tables see pages 196 and 200,

The relationship between logarithms of a number N to different bases e and b is given by

log, N
7.13 loga N = _ID_EIF
In particular,
7.14 log. N = InN = 2.30258 50929 94... log;y N

7.15 logyo NV log N 0.43429 44819 08... log N

7.16 e = cosp + ising, o~%® = cos¢ — ising

These are called Euler's identities. Here 1 is the imaginary unit [see page Z1].

7.17 sing = 50
7.8 cose = LELD
M-t T gl
7.19 tang = T T e = _'(We'_")
[0 4 o=t
7.20 ot = '('__,m_:—u)
7.21 .
.21 secd = T
s
7.22 wed = g

7.23 gll0t2km = gio k = integer
From this it is seen that ¢* has period Zri.
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The polar form of a complex number x + iy can be written in terms of exponentials [see 6.6, page 22] as

7.24 z+iy = ricose +isging) = rel®

Formulas 6.7 through 6.10 on page 22 are equivalent to the following.

7.25 (rpet®i)(reei®s) = ryreeltt+ )
7.26 1w = Ec‘“a"ﬂ
7aeids 3
727 (reif)p = rpei?  [De Moivre's theorem|
7.28 (rei®iin = [“((l+“llllil = plingl(a+zkni/n

7.2¢9 In(re?) = Inr+ o + 2kri k = integer

loo

8.1 Hyperbolio sine of z = ginh# ="_‘2£i
8.2 Huyperbolic cosine of = = coshz = Lz‘_f
s 3‘"6—,
8.3 Hyperbolic tangent of x = tanhx = T
8.4 Hyperbolic cotangent of # = cothe = :—t :,_:
85 Huperbolic secant of x = sechx = #
: e - 2
8.6 Hyperbolic cosecant of # = eschx = e
_ sinhz
e iy = cosh =
= 1 _ coshz
e cothe = T he = wimbw
o 1
54 sche = O hw
B.10 csche = —1-
sinh »
8.11 cosh?z — sinh?z = 1
8.12 sech?z + tanh?z = 1
8.13 coth?w — esch?a = 1

8.14  sinh(—#) = —sinhz 8,15 cosh(—a) = coshz B.16  tanh(~z) = —tanhz

é

B.17  csch(—z) = —cscha 8.18 sech (—@) = sechx 8.19  coth(—=)

26
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8.20 ginh(x*y) = sinhzcoshy * coshz sinhy B8.36 sinh?z = } cosh2x — }
821 cosh(z*y) = coshz coshy = sinh sinhy 8.37 cosh®z = }cosh2z + }
_ tanhax & tanhy
r 8.22 tanh ( * ) 1= tanhz tanhy 8.38 sinh®z = 1 sinh3z — § sinha
|
| - . thz cothy =1
.Il 8.23 coth(w=y) = m—ﬁ 8.39 cosh®x = } cosh8z + % coshz

3

sinhfx = § — §cosh2x + } coshdx

8.41 coshiz = § + } cosh2x + } cosh4x

T

8.24 ginh2z = 2sinhazcoshz
B R R e | SUM. DIFFERENCE AND PRODUCT OF WYPERBOLIC FUNGTIONS
2
8.26 tanh2y = potamhZ 8.42 sinhz + sinhy = 2 sinh §(x+y) cosh j(x— )
8.43 sinhz — sinhy = 2 cosh }{z +y) sinh §(z —y)
8.44 coshz + coshy = 2 cosh}{z+y) cosh J(z —y)
8.45 coshz — coshy = 2 sinh}(x+y) sinh }{z—y)
z coshe — 1 %
827 sinh t«.l——z (+its>0, —Ha<0] 8.46 sinhe sinhy = f{cosh (#+y) — cosh(z—u)}
8.28 cosh? = E’L;*—l 8.47 coshz coshy = j{cosh(@+y) + cosh(x—u)}
e : 8.48 sithz coshy = J{sinh(z+y) + sinh(@—y)}
B.29 hnh% = 1’1'm [+ifz>0, —ifx<0]
_ sinhe _ coshe—1
~ ecoshz+1 ~—  pinhz

In the following we assume @ > 0. If # <0 use the appropriate sign as indicated by formulas 8.14

to 8.19.
8.30 ginh3z = 8&sinhz + 4sinhiz sinhz = u coshx = u tanhz = u cothe = u sechz = u eschz =u
= 3 -
31 ooshdp . A coshty = B aomk s ke W ViE—1 wi—w | weisi | Vi“wem 1u
8.32 tanhte = §_1tan4{1:_+terL’¢_ cosh 2 Vit u W= wfyui—1 1/u 1+ witu
ml.h x

tanh x w1+ u? ul—1/u u 1/u V1—u® 1A/1 +ud
8.33 sinhdz = 8 sinh®x coshz + 4 sinh cosh »

coth » Vul+ 1w w/u2—1 1/u u 1/y1—u? V14 u2
8.34 coshdx = 8coshiz — 8cosh?e + 1 Sk Wisw S i T/ N SITP
8.35 z T 4 tanh # + 4 tanhd . esechx Liu 1/yul —1 V1—ulfu ui—1 w1 —u? ©
: 1 + 6 tanh2» + tanhi z
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8.49 ¥ = sinhz 8.50 ¥ = coshz
v v
1
0 ¥ (7] *
Fig. 8-1 Fig. 8-2 Fig.8-3
8.54 ¥ = csche
¥
B ) @
Fig. 8-6

If = =sinhy, then y =sinh~1x is called the inverse hyperbolic sine of z. Similarly we define the
other inverse hyperbolic functions. The inverse hyperbolic functions are multiple-valued and as in the
case of inverse trigonometric functions [see page 17] we restrict ourselves to principal values for which
they can be considered as single-valued.

The following list shows the principal values [unless otherwise indicated] of the inverse hyperbolic
funetions expressed in terms of logarithmic functions which are taken as real valued.

8.55 sinh-lz = In(z+yz2+1) —=<g<=
458 cosh 1z = In(x+ va*—1) 21 [eosh=!a > 0 is principal value]
= - 1 14+ = s
.57 tanh—lz = 21n(1-—__’> 1<z<1
8.58 coth=1z = l‘-ln(—“—-r—I-) 2>1 or <1
2 5—1
B.59 sech—lz = In (%+ \’%— 1) 0<zs1 [sech—1x > 0 is principal value]
8.60 esch-lz = 1n(—‘-+ 1‘—‘—+1) 2% 0
x w?

g

HYPERBOLIC FUNCTIONS

8.61 csch~tz = ginh~1(1/%)
8.62 sech— 12 = cosh~1(l/x)
8.63 coth—1z = tanh—1(1/x)
B8.64 sinh—1(—x) = —sinh~!z
8.65 tanh—!(~z) = —tanh 'z
B.66 coth-1(—x) = —eoth—lz
8.67 esch=!(—#) = —ecsch~lzx
8.68 v = sinh— 1z 8.69 4 = cosh~lz ¥ = tanh—'z
v ¥ | vy
' ]
| I
! |
| |
| |
| |
r z ot % : > i x
% I |
\ | |
\\\ | |
~ | |
S | I
L |
Fig.8-7 Fig.8-8 Fig.8-9
8N y = coth- 1z 8.72 ¥ = sech~1z ¥ = esch—lz
| Voo i v
| I
1 |
| I
| |
I |
| | = x
-1 7] I ® [] L 7]
| | /
i I i
| I r
ih /
|
| | ¢
Fig. 8-10 Fig.8-11 Fig. 8-12
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B8.74  sin(iz) = isinha 8.75  cos(iz) = ecoshx 876 tan(iz) = {tanhsz
8.77  caclix) = —icsche 8.78  sec(iz) = sechz 879 cot(iw}) = —d{cotha
8.80 sinh(ir) = isinex 8.81 cosh (iz) = cosx 8.82 tanh(iz) = itanx
B.83  cschiiz) = —icsca 8.84  sech(ix) = seca 8.85 coth(iz) = —icotx

In the following k iz any integer.
8.86 sinh(x+2kei) = sinhe 8.B7  cosh(z+ 2ksri) = coshz 8.88 tanh (@ + Fri)

I
g
3
8

8.89 csch(z+2kri) = csche 8.90  sech(x+2kmd) = seche 891  coth(z+kni) = cothz

8.92 sin~1(iz) = isinh-1= 893 sinh-l(ix) = igin~lzx
B94 cos~!x = *icosh~lz 895 cosh-lz = =icos~lz
896 tan—1(ir) = itanhla B8.97 tanh~!(ix) = itan~lz
8.98 cot~! (i) = —icoth—1z B99 coth-!(iz) = —icot~lz
8100 sec—1x = *isech—lz 8.101 gech~!la = *igec—lz
8.102 cscl(ix) = —icschlx B.103 csch-!(ix) = —icac—l#

13

If y = fiz), the derivative of y or f(z) with respect to x is defined as
dy  _ (z+h)— fl=) _ - fle+ ax) — fa
W £ - iR ey

where h = Ax. The derivative is also denoted by ¥’, df/dx or f'(z). The process of taking a derivative is
called differentiation.

In the following, x, v, w are functions of z; a, b, ¢, n are constants [restricted if indicated]; ¢ = 2.71828, ..
is the natural base of logarithms; In « is the natural logarithm of u [i.e. the logarithm to the base e] where
it is assomed that = >> 0 and all angles are in radians,

d —
132 L = o
133 L = o

134 L) = neant

135 d;:(uxuiwi---) = %T%t%zu
13.6 &E:E(ou) = c%

13.7 E‘i—(uﬂ) = u-§+:+ "3_:

13.8 %(uﬂw) = w%u uw-g—::-} wg—:

d fu\ _  vidw/dr) — widv/de)
13.9 e (;) = -
1300 Lam = me—d
" dx - dx

1B Y - WA i rulg)

dx du dx
du 1
13.12 b dm_—/d’g
dy _ dyfdu
NN " e .




13.14

13.15

13.16

13.21

13.22

13.23

13.24

13.25

13.26

13.27

13.29

13.30

%
il

:
]

f

cosu% 13.17
—sinuge 13.18
sec? u o 13.19
= -\/l_—-l_,_“;gg [—§< sin~lu <
1‘1#:—: [0 < cos=lu < «]
= ﬁg—: [—§<tan"lu{
= :‘—‘f [0 < cot—lu < r]

1 du _ %1 du

DERIVATIVES

il Vai—192 a1 4=

-1 __dw _ _ 51 du
Ju] vz —1 da wyu—1 dx

du

Prp-ig

d

Esulnu

dz

%cutu

d
dz secw

d
xS u

H

H|

du

-_— 2 of —

esefu
sec u tan ﬂ‘“‘d[

_ du
csc cotuu

— if #/2 < sec™lu <«

[-&-iio-(lec"-u{r/ﬂ]

+ if —o/2 < esc~lu < 0

[—HU{M"“(rfﬂ'}

a+0,1
1du
u dx
e““"%[ﬂlna} = w"—l%: + uﬂlnu%

13.31 %sinhu a eu‘hu:—: 13.34 a%cnthu = —csch’ud-—;

13.32 :?conhu - n‘inhu% 13.35 %sechu = —sechu unhu&;
- d du d du
£ = ] i a . a2

13.33 - tanhu sech? u o= 13.36 I eschu esch u coth u

DERIVATIVES 5353

1397 Lopn-1y = L du
-~ s
+1 du + if cosh='u >0, u> 1
—_ -1 = —
il b a1 & [—ifcoah-lu<0,u>1:|
1339 Liann-iu = ﬁ% [F1<u<1]
13.40 a‘éeoth—lu = 1—1-;% [e>10r u<—1)
d 1 du — if sech=lu>0, 0 <u<1
—_— -1 = enm—— —
AL (eacia /1 =z dx [+umh-lu<u.u<u<1
d =1 du F1  du
1342 esch-lu = —— = —— — —ifu>0 +if u<0
dx e VI+us 9% 14wz 92 { !

The second, third and higher derivatives are defined as followe.

13.43 Second derivative = %(&) = %}- = =) = 9"

13.44  Thind derivative = %(%) =% = rw =y

13.45 nth derivative

5(;0';:) = P o pm = g

»
IatD’ahndfﬂrthaopdutur;‘jsothat D’n=$=thepthderiraﬁveniu. Then

13.46 Dijuv) = uDmw + (’1') (Du)(D~lv) + (;)(D‘u)(m-%) + ovr 4 oDy
where (’1') (:) ... are the binomial coefficients [page 3.
As special cases we have
) d du d Py
13.47 a0 = wggt 23;5‘% ]
13.48 L) = uGyadudy, gPude, Pu

Let y = f(x) and Ay = f(z +Ax) — (). Then
13.49 %=Wﬂ=m)+-=%+

where ¢—0 as Az —0. Thus

13.50 Ay = fl(x)ax + <Az

If we call Az = do the differential of z, then we define the differential of y to be
13.51 dy = filz)dx




56 DERIVATIVES

The rules for differentials are exactly analogous to those for derivatives. As examples we ohserve that

13.52 ' dutvzw=---) = du=dp = dw 2 ---
13.53 diuv) = udv + vdu
12.54 4(2) - vdu— wdy
v vt
13.55 du®)y = mun—ldu
13.56 dginu) = cosudu
13.57 d(cosu) = —sinudu

Let f(z, %) be a function of the two variables z and y. Then we define the partial derivative of f(x, ¥}
with respect to z, keeping y constant, to be

13.58 ¥ _ oy fEtbény) — fm
iz Az =0 Ax
Similarly the partial derivative of f(x, y) with respect to y, keeping = constant, is defined to be
i/ S flz, y+ay) — flz,9)
13.59 o a}:h-?n e
Partial derivatives of higher order can be defined as follows,
B _ 8 2 _ 8 (d
1240 92 T dx (Bz)' T by (ey
13.61 L T (zz) o2 (21)
x dy o2 \ v dw du \dz

The results in 13.61 will be equal if the function and its partial derivatives are continuous, i.e. in such
case the order of differentiation makes no difference.

The differential of f(z, ) is defined as
= ¥ 3
13.62 df é‘xdz + de
where dz = Ar and dy = ay.
Extension to functions of more than two variables are exactly analogous.

14

If %E = f(x), then y is the function whose derivative is f(2) and is called the anti-derivaiive of fi(x)
or the indefinite integral of f(z), denoted by f flx)dz, Bimilarly if y = ff(u) du, then -gﬁ = flu).
Since the derivative of a constant is zero, all indefinite integrals differ by an arbitrary constant.

For the definition of a definite integral, see page 94. The process of finding an integral iz called
integration.

In the following, w,v,w are functions of «; a, b, p,q.,m any constants, restricted if indicated;
e =2.T1828. .. is the natural base of logarithms; In u denotes the natural logarithm of u where it is ussumed
that u > 0 [in general, to extend formulas to cases where u < 0 as well, replace In« by In |«]]; all angles
are in radians; all constants of integration are omitted but implied.

14.1 jadx = a
142 J' afm)dz = a J' () dx
14.3 I(uiﬂ:tw=---)dx = fﬂd:tfvdcszdw:t

14.4 fudﬂ - w—jvdu [Integration by parta]

For generalized integration by parts, see 14.48.

145 ff(m:)ch - -i-ff(u]du

146 f Fifa)dz = fF(u)%:du = ;—:%du where & = f(z)
47 fu-au = B, mr-1 [Forn=-lselds)
14.8 f%zmu i u>0 or In(—u) if u<0

In |u|

149 fe-au = o

14.10 f-audu = j‘.ﬂaod« =
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14.11

14.12

14.13

14.21

14.22

14.23

14.24

14.25

14,26

14.27

14.28

14.29

14.30

14.31

14.32

1433

J. sin w du

J-cuuudu
ftanudu

J- esch u du

J‘ sech? u du
f cach? u du

J‘ tanh® u« du

INDEFINITE INTEGRALS

—cosu
sinu

Inseck = —Incosu

In sin

In(secu + tanu) = ‘lnhm(¥+-;;)
In(eseu —cotu) = lntun-g-
tan u

—cot u

tanu — u

3= '4 H(u — sinu cosw)

4
|

i + =in 1 cos u)

cosh «

sinh %

In cosh u

In sinh «

sin=!(tanhu) or 2tan—lev
u

lnh.nh,z or —coth=?1e%

tanh u

—coth i

u — tanhwu

14.34

14.35

14.36

14.37

14.38

14.3%

14.40

14.41

14.42

14.43

14.44

14.45

14.46

14.47

14.48

14.49

14.50

14.51

14.52

14.53

INDEFINITE INTEGRALS

feot.h’udu = % = cothu

fﬂinh’udu = sinf:_h_% = }(sinhu coshu — u)
J‘ coshu du = sin: 2u +-;'- = §(sinh % coshu + u}
jmhut.-nhudu = —sechu

rcsc‘huouthudu = —cschu

SN e
JFTE = sty
du —. 1 wu—a) _ _ 1 M
o = 261.;(“_'_“) = —_coth=iZ w>a?
. ziam(;j;) = et aca
du = -1
S =
du = ak
f‘/m = In(u+vVut+a?) or sinh 3“
f‘/u;i—n = In(u+ViE—a?)
—al
J'_d!___ i lm-llal
wai—a e la
J" du . (a+\/u2+aﬁ)
uyi® + a? : e L
2 - _z,n(t"__ W"“’)
wa—w 8 ®

59

fﬂu)’dg = fin-Dg — fin—g' 4 fin=Bg" — ... (d_l)nf foi* dze

This is called generalized integration by parts.

Often in practice an integral can be simplified by using an appropriate transformation or substitution
and formula 14.6, page 67. The following list gives some transformations and their effects,

fp(u+a)dz = alfF(u)du where
fF(\,m)dz - EIHF(u)du where
IF(W)&I: - -Efu“"F(u)du where
f!«"(\/ﬂ)dx = ¢fﬂamu)mudu where
fF‘(m)dx = afr(umu)m!udu where

= az+b

Yaz+b
n
az+ b

asinu

o tanu




—————

14.335

14.336

14.337

14.338

14.339

14.340

14.341

14.342

14.343

14.344

14.345

14.346

14,347

INDEFINITE INTEGRALS

wldy (2k— !E # + acos [(2k — 1)r/2m)
th+¢m m:.. » E sin tan= l( T )

- s 3 o0 5 (1 4 tar s B )
where 0 < p = 2m.
zP=1dy 1" ipr kx
= 2 — —_—
29m — gim W"’;E;“'ml“(” m::o-m+a8
1 "G ke, %~ acos(kn/m)
ma®™m P kgl P tw @ sin (ka/m)

1
e —— + 2-—m{ln(z—a) + (=1)* In (x + a)}
xP—ldg
f3!m+1 T gmei
* + u.cos[Bkv/(ﬂm-I-i)))

e 2(—1)—1 _Zkpr_ -
= Bm+ 1wm—v+1,.§; T b ( @ sin [Zkx/(@m T 1))

(-1 @ 2kpr her
(2m+l)ah'l’*l.§|m2m+1ln 2 + 2“°°‘2m+1 + a?
+ (=1)>"lIn(x+a)
(Zm + L)a?m-v+1
where 0 < p = 2m+1.
¢ ldy
mEL _ gim+l

—2 _, {=& — o cos [2kx/(Zm + 1)]
@ T Tyan—eT ,E, sin g2 tan ( @ sin [2kn/(@m + 1)] )

2kpr 2kn
(2m+1)ai"'"“n21 eu2m+11n(== - mmEm-F 1 + aﬂ)
+ In{x —a
(2m + 1)g*m—pt1
where 0 < p = 2m+1.

'a’ a
f:z’sh:mxdz = inax + ;—%’)mw
f:asinuaz = (%'—%)lmaz+(%§-—f)mu
foneg, = _siner (802, (a7
f'i:"ﬂu = %ln(cscu—cutm:) = llntnn%!
fu?n‘?s = %{u+%'%z+ﬂ1§.?!+ A ﬁﬂ(;—ﬁ%ﬁﬂ_l' }
S = -

75

76

14.348

14.349

14.350

14.351

14.352

14.353

14.354

14.355

14.356

14.357

14.358

14.359

14.360

14.361

14.362

14.363

14.364

14.365

14.366

14.367

14.368

INDEFINITE INTEGRALS

J‘zsinzudz — x? _ xzsin2ar  cos2ax
4 1a 8at
f sindaw dg — - CoS@X , costax
a - Ba
i _ 8¢ sinZar _ sindaz
sintaz dx = = —
f o 8 rra 32a
dax . |
bar any paceaiion =cot axr
sin? ax @
dx - _ 'cosax 1 azx
siwez " Zasimiaz | 2a "2
i i _ sin(p—glx _ sinip+ql _
sin px sin de = =t £ p= . |
’- = 2{p—q) 2(p+q) [If p= =q, see 14,368,
i - 1 T ax
1—sinax a.hm(-l +_2')

.,-% = E““(&"‘Z—x) + %Inain({—%)
_iun(%. %)

R - _fm(i—!gi) +%1“in(§+9§£)
it - kio3)» (i)

_dr 1 z_azx)_ 1 T _ax
.r[l+sinax)= = 2a““(4 2) E&"‘“s(f__a'

f.iw
J 1+ sinax

2 _lphm%n:-!-q
[P e
e R 1 ln(nban*}m+a—m)
aVq?—pt ptan Jaz + q + Vgt —p?

If p==*q see 14.354 and 14.358.

J‘ dx q cos ax . J‘ dx
(p + ¢ sin ax)? a(pt—gf)(p+ qsinax) P —¢J p+ qsinax
If p==¢ see 14.3568 and 14.359. /‘
J' dz _ 1 — Vp!+ q? tan ax -
P2+ ¢? gin? ax ap\pE + ¢ P
1 a1 p? — ¢2 tan ax
[t Y g -
—_ i -
P - ganlaz 1 ’ (,Jq,s..p-a tantm+p> |
n 1
ZapV?—p?  \Va®—p?tanaz —p '
fz“ainazdz = ;m.,;.u 4 BEE l’in‘w = mtm—l)J‘ @™ ~2 gin ax de ,
sin ax — —_ Shnaz cos u:l: ,
J'sz = et ae 1f dr  [see14.395) |
f sinnaz dz = —Sn""laxcosar , n=—l J- sin"~2ax dx i
w an n |
J" de  _ —cosax + =2 de |
sinn ax an—1)sin"lax  n—1J sinn—Zaz |
J‘ edy —& COS ax _ 1 n—2 x dx
sin® ax a(n — 1) sin"~1 ax a(n—1)(n — 2) sin" "2 ax n—1.) sin""2az




2
_ ———tan"!'V(p— g)/(p +g) tan }az
14.390 f—“’ w SR (1 p = =q see
P + qcosax 1 ' l'.m*nz + (Q‘+P)’(Q“P)) 14.384 and 14.386.]
n e
14.369 f:oawda = oz a/@—p?  \tan jaz — Vig+ p)/lg— )
dx i dz -
14.391 = _____gsinaex T [1If p q see
14370 [ scosawds = 0802 rainas J e e e~ A S e 14.388 and 14.38.
dz _ 1 _, ptanax
| 14.371 fa;’couudw = %cosu + (3;3--%) sin az Man J.P’ + q?costax ap.fmm ! Vit e
| _ (8 6 o Bwl . 1 tan az
| 14.372 xPeosaxr dx = (———)cmuz + (———) sin ax —2 _ tap-1PRtADOZT
| f & = s ¥ . i apVpi— g ¢
14373 (0002 g _ g, — (02 (@2l (@) P = qeofaz 1 St = V=
* z 242! 4-4! 66! In ( )
) 2apVt—p?  \ptamax + Vei—p2
14.374 Md# = -Sesax _ m‘_udx See 14.343 X =
J. %2 z af x L | 14.394 J‘;v"' cosap dy = Z-Sinax ‘;n“ + mTlmu - m——(‘:;l)f 2m=? cos ax dx
dz 1 1 w , 4%
14.375 = =1 ax + tanax) = —lntnn(-+—) .
-rw'“ aim * a 472 14.395 f“:,:w o = —_tmee - ”—11'[‘—’;’.'.?:’ dz  [See 14.365)
NI VYo = a-{ g T " YUt @roee T 1439 | comazde = w#‘%‘fm--.u,‘
an
14.377 costax dz = % 4 SinZaz ds N
2 4a - sin ax n—2( ds
f oo .’-M“M a{n—1) cos*~lazx ¥ n=1) cosn—2ax
o in 20z 2ax
14,378 fxcoa‘awdz = E_.'_zan:u + (:o;a! 14.398 zds x sin az 1 n—2 % dz

coshaxr T glm—Dcos" lax  ain—1(n—2) cos"Zax n—1,) cos"Zaw

14.379 feossuaz — sinaz _ sin‘az

a 3a
s s i L memuewme e e

4a 32a
ser (g tanes 14399 f sinascosar iz = S0z
18382 co;d:u - 2::;::; ?t:mm(§+%) 14.400 fﬁnwqudx = —%‘.ﬁ_’-ﬂz(‘lﬁ& .
o fcoamcoﬂprdz = %;L)h+ %ts)ﬁ [If a = p, see 14377 | 14.401 fsln*ucuudx = % [If n=—1, see 14.440.]
14.384 fi—_-dﬁ - _%mt% 14.402 fmlmnmudm = -%’_‘%;—;j [If n = =1, see 14.420.] =
14.385 %‘; = —Zet% + Zmoin Y 15408 f’i“'“”"”d’ = i
wass (% - lwn Wao (e = gl
14.387 TT%% = Eunle+%lncoa%' o ain*a:cmu = ilnhn %+a§)_ali;¢#
3 [ - L - e ' W e =t
U [ grem_s = gt + e e, 06 R o




14.408

14.409

14.410

14.411

14.412

14.413

14.414

14.415

14.416

14.417

14.418

14.419

14.420

14.421

14.422

14.423

14.424

14.425

J‘ sin?ar .
cos ax

f costar 4o - Eulﬂ’ + %lnmn p

Bin arxr

INDEFINITE INTEGRALS

_ginaz , 1 ar ¥
T t alntm(z +4)

dz
f cos az(l * sin nz)

dx
_r sin ax(l = cos ax)

P .
sin ax = cos ax

sin ax dx =

sinax * cos az
J‘ cos az dz
sin ax * cosax

J‘ sin ax dx
P =+ g cosax

2
= 1 X
+2a(lzlinax) Irn.nn 7+ )
b D 1 jnean S
- " 2a(l = cosax) * 2&““ 2

2z 1 :
— — -+
12 + saln(smu.': = cog ax)

—aiq In(p + g cos ax)

cosaxde 1

?+aqsinaz = ag@Fesina)
sin ax dx = ¥

(p + ¢ cos ax)" agin— 1)(p + g cos az)"—1
cos ax dx - =1

(p + q sinaz)" ag{n — 1)(p + g sin az)n—1

J" dx
p sinax + g cos ax

1 ax + tan—! [rI/p))
Inta
aVpr+ g e ( 2

2 = (p+(+—q) tan(m:lE))
f s == VA-p-p
psinax + gcosaz + r 1 i (ﬂ*m'ﬁ'(f—ﬂ tan (ax/2)
/P FgE—r2 \p+ VpP+@—1 + (r—q) tan (az/2)

If r=gq see 14.421.

If 72 = pd+g? see 14.422,

J‘ dx
p sinaz + g(1 + cosaz)

1 ar
—upln (q + phn—2>

dz =
-rﬂainm+qwsmr\/p’+q“ avp+ ¢

- T (!_ Lzt m;-l{q/p})

4
dx = 1 . _,(ptanaz
p? sin? ax + g cosfax apq q
‘j‘ dz Pt 1 In ptanazx — ¢
p? sinZ az — ¢? coe? ax Zapq p tanax + ¢
sin®~lar coghtlar m—1 AR oz du
o g +'m+n. sin az cos" ax

J. sin™ ax cos® ax dx

sinm*1ax cos"~!ax n=1

P kR sin™ ax cos"~? ax dx

)

79

80 INDEFINITE INTEGRALS

[ sinm=lgg _m—1(gin""%ax d.
a{n—1) cos"~lax n— 1) cos" Zaw "
sin™ ax sinm+lgg m-—n+2 sin™ ax
14.426 fcou"uz = lan—=1cos" Tazx  nu—-1 cosn—taz 4
—ginm—1ax m=—1 (" sin™—2az
L a{m —n) cos"~ ! ax * m-n cos" ax d
—cosm~lar _ m=—1 {"cos™ lax d
an—Dsin—Taz  n—1J sin"raz °F
cos™ ax —cos™ tlaz m-—n+2 cos™ ax
a4y (SR8, o e N aTTe =1 ) stz
cos™ " lagz m—1 ( cosm~2ax
a(m — n) sin®*~! ax m-—n sin™ az
1 + +n=2 dx
dx a(n—1) sin™ 1 az cos"laz n—1 ain™ ax cos 2 ax
14.428 fm‘—— =
sin™ az cos” ax —1 amin—2 dx
a(m—1) sin™~laz cos*~laz m—1 sin™ =2 ax cos az
o 1 1
14.429 Iunmdw = —;'lncusm: g ;lnmum

14.430 fmzmaa = tanaz

14.431 fmsud,, = e Lan

n tann t1 gz
14.432 J‘m“mzu,_, Sl

sec!ﬂd: _ 1
14.433 J' dr = Lintanae
1A (o - lygna
= AJo? | (@) 2Aeay s abe Ly

Sl s “'{ U U @R T D)

22(22n — 1)B, (ax)n—1

14.436 J-ti';i‘;dx = u+%+’%ﬁ+---+

(2n — 1)(2n}!
14.437 f:hn’wdw - '“:"+$mmm——’;—'
14.438 fp+qtanu ﬁ Tplg—qﬂ-ln(q:inu-i-pmm)

14.439 f‘“"“dﬁ = tan""laz

n—TDa _f“nm““




